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SUMMARY 
Experimental studies of transient free convection phenomena have 
been conducted in a vertical, closed container where the fluid was uni-
formly heated both at the bottom and at the sides without change of phase 
and where a large percentage of the energy transfer occurred under turbu-
lent conditions. Water was used as the test fluid in a 298-gallon tank 
approximately two feet wide, two feet in breadth, and ten feet deep. 
To heat the water, two parallel sides as well as the bottom of the tank 
were provided with electrical resistance elements. The other two parallel 
sides of the tank were made of glass to allow observation of the fluid 
motion. The heat flux at the bottom and along the sides could separately 
2 
and continuously be varied from zero to a maximum of 0.193 Btu/secft and 
2 
0.171 Btu/secft , respectively. A maximum modified Grashof number of 
14 
5 x 10 was obtained, for which turbulent flow existed over approximately 
80 per cent of the tank depth. In the tests, fluid temperature measure-
ments at various axial positions were made starting at time zero with the 
water in an isothermal quiescent state. Using a photographic technique 
employing neutral-density particles, time exposure photographs of the 
fluid motion at various locations within the tank were also made. In 
addition, Schlieren photographs of the fluid behavior were taken. From 
the photographic data, information concerning both the fluid velocity 
and the fluid flow patterns were obtained. 
In the test program, axial temperature and velocity measurements 
were made at various aspect ratios (L/H), modified Grashoff numbers 
X 
(Gr ), and bottom-to-side heat flux ratios (qh/q )• Measured temperature 
profiles correlate satisfactorily with available semi-empirical predic-
tions with combined bottom and side heating. With side heating only, 
predicted profiles vary substantially from experimental measurements 
* 13 
for Gr > 5 x 10 . Results indicate that a significant fraction of the 
sidewall heating is transfered directly through the boundary layer to the 
bulk liquid. The mechanism of this heat transfer appears to be governed 
by the ratios (qh/q )» (L/H), and Gr . However, even without bottom 
heating, at large values of Gr , a substantial amount of heat diffuses 
through ~;he turbulent boundary layer. An analysis of this diffusion 
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Until recently free convection in liquids within closed containers 
has received little attention. While the investigations of Lighthill (1) 
and Martin (2) have certainly had a large influence on recent contribu-
tions in this area, almost no work concerned with completely enclosed 
fluids can be found in the literature prior to 1957. Part of the current 
interest in this problem was kindled by the developing area of missile 
technology, since rocket propellant tanks contain large volumes of 
liquids which are particularly sensitive to free convection effects. The 
cooling of turbine blades and the removal of heat from liquid fueled 
nuclear reactors are current areas which have also supported interest in 
this problem. 
The influence of Lighthill is seen in almost all of the available 
analyses in that integral techniques have been used copiously. With 
only one exception all of the analyses assume a boundary layer flow along 
the sidewalls; no allowances are made for end effects in the fluid at 
either the enclosure bottom or top. :̂ oth laminar and turbulent analyses 
have been made; however, greatest success has been obtained with laminar 
analyses in checking the experimental results. Testing has been con-
ducted in water, a mixture of trichloroethane and ethyl alcohol, freon, 
methyl alcohol, a water-glycerol solution, liquid nitrogen and liquid 
iiydrogen, 
2 
Perhaps the earliest of the really meaningful analyses pertinent 
to the problem were performed by Hammitt (3), (4), (5). His work was 
generally concerned with free convection effects within a cylindrical 
vessel containing a heat generating liquid with heat rejection through 
the container sidewalls only. He used the Lighthill technique modified 
to account for the heat sources. The agreement between the calculated 
and measured values of Nusselt number is only fair although the predicted 
results agree qualitatively with the trends of the test data. This may 
be due to the fact that, following Lighthill, he assumed laminar flow in 
his test tank. The test results, however, showed that even at extremely 
low heat source strengths, turbulent flow existed in certain regions of 
the tank. Thus the effects of turbulence, not included in the analysis, 
are perhaps responsible for the departure between the predicted and the 
measured Nusselt number. The presence of turbulence may also explain 
the discrepancy between Martin's test data and the predictions by Light-
hill. 
Neff (6), in a paper concerned with missile tank propellant 
thermal stratification, reported on an experimental study using liquid 
nitrogen. He simulated conditions in a missile tank using a quarter 
scale model test vessel. To obtain the required similarity conditions, 
the test tank was mounted on a 20-foot centrifuge. The liquid nitrogen 
was located at the sides only at very high heat fluxes. Since all of 
the temperature profiles have a characteristic S-shape, the data were 
correlated with the probability bell curve. The work is valuable in 
that it provides the first quantitative data concerning stratification. 
The problem was also studied by Huntly (7) and later by the 
Lockheed-Georgia Company (8). More recently, a combined experimental 
and analytical program was conducted by Lockheed using an improved, but 
still approximate, analytical model. The results of this program were 
reported by Tatom (9) et al. In the experimental study liquid hydrogen 
was used as the test fluid in a 500-gallon dewar vessel with an L/D of 
approximately 2. Heating occurred at both the sides and at the tank 
bottom. The effects on stratification of the liquid aspect ratio were 
investigated. In the analysis, turbulent free convection along the tank 
sidewalls was assumed and an integral technique was used to determine the 
temperature profile in the liquid. Two empirical constants to account 
for the effects of bottom heating were introduced. The first, K , 
governed the maximum depth to which stratification penetrated. The 
second, K , was the fraction of the total sidewall area over which heat 
passed directly into the bulk liquid. Correlation of the analysis with 
the test data produced values of K between 0.6 and 0.7. 
Recently Tellep et al. (10), (11), (12), conducted an experimental 
and analytical study of the same problem. In their test program the 
j'c 
effects of Gr on stratification were investigated. Several test fluids 
were used in three different small-scale tanks heated at the sides only. 
All the tanks had an aspect ratio of 2.32. The flow conditions were 
mixed between laminar and turbulent. Their analysis is similar to that 
of references 8 and 9. The predictions of the stratification depth were 
consistently low with a turbulent boundary layer model but somewhat im-
proved with a laminar model. 
Bailey et al. (13), (14), have also conducted an experimental and 
analytical study of free convection in closed containers. In their 
tests liquid hydrogen was heated at large wall heat fluxes. The test 
results resembled those of Neff with the characteristic S-shaped temper-
ature profile. Their analysis, using a very simplified model, was only 
in fair agreement with the test results. Ruder (15) has also developed 
an analysis similar to that of Neff and Bailey. Barnett (16) et al. 
have reported on a large-scale experimental investigation using liquid 
hydrogen in an S-IV stage rocket propellant tank. They also present an 
analysis of the test results which has similarities to that of reference 
9. 
Vliet, et al., (17) and Robbins and Rogers (18) have recently 
presented elaborate numerical analyses of the stratification problem 
using electronic computers. In many ways these two works are similar to 
that of Hammitt except that turbulent rather than laminar flow is 
assumed. Neither analysis includes the effect of bottom heating. Both 
analyses are shown to correlate well with test results. However, when 
all the assumptions are considered, it is doubtful whether the elaborate-
ness of these analyses is warranted, since the more simplified analyses 
check the data about as well. 
One of the most informative experimental investigations of free 
convection in closed containers was performed by Anderson and Kolar (19). 
In their work the motion of fluid contained in a small tank was studied 
under the following heating conditions: 
1. Non-uniform source heating in which most of the heat was 
generated near the tank bottom. 
2. Simple sidewall heating. 
3. Non-uniform source heating in conjunction with wall heating. 
The experiment was designed to provide axial temperature data and to 
permit a visual inspection of fluid behavior induced by wall and non-
uniform source heating. The influence on the velocity field due to these 
modes of heating was viewed by means of a Schlieren system. Where non-
uniform source heating was present, the results indicated that there was 
mixing such that a constant temperature in the axial direction was pro-
duced. Wall heating always produced a stable temperature gradient near 
the liquid surface. The two modes of heating, acting in conjunction, 
tended to form two regions where the characteristic effects of each were 
dominant. 
Study of the data shows that for a given rate of bottom heating 
the maximum depth of the stratified region increases as the rate of side 
heating increases. The temperature profiles show a marked resemblance 
to those of reference 9. Unfortunately no attempt was made to insulate 
the test vessel and no heat balance was made. Both the bottom geometry 
and the fluid aspect ratio were constant in all the tests. 
In a recent study, Barakat and Clark (20), (21) have obtained a 
laminar flow solution to the problem with side heating only using a 
finite difference method to solve the time dependent two-dimensional 
Navier Stokes equations. Their results show some interesting fluid be-
havior and should be useful in obtaining an understanding of the motion 
near the tank bottom and the liquid-vapor interface. To check the 
analysis, a test program using water in both a cylindrical and a two-
dimensional test tank was also conducted. It was found that the theo-
retical and measured temperatures were in good agreement. 
Another paper by Schwind and Vliet (22) provides a valuable 
discussion of the mechanism of stratification particularly with regard to 
the upper regions of the test container. Among other interesting obser-
vations, they point out that with no bottom heating the S-shaped profile 
seems to occur for larger values of Gr , while a simpler profile is 
present for smaller Gr . Vliet and Brogan (23) and Neff (24) have 
recently investigated the effects of baffles and other defices on strati-
fication reduction. Both studies indicate that baffles are not very 
effective in promoting bulk liquid mixing. 
As a result of the preceding work, an analytical model has emerged 
which has been used with variations in almost all of the laminar and 
turbulent analyses to date. This model is shown in Figure 1. The model 
involves the main assumption of simple boundary-layer flow along the wall 
through which heat passes at a constant rate. The boundary layer forms 
at x = 0, grows in thickness 6 as it develops along the wall, intersects 
the bottom of the thermal layer of depth £, and finally mixes with the 
thermal layer itself. Depending on the absence or presence of bottom 
heating, the bulk liquid is assumed to remain at its initial temperature 
or increase in temperature with time. In the model the effects of hori-
zontal temperature gradients and starting transients are ignored, and 
the boundary layer properties are assumed to be those resulting from 
steady natural convection over a vertical flat plate in an infinite 
uniform temperature fluid. Analysis of the model usually involves inte-
gral techniques to predict the axial temperature profile. The thermal 
layer depth is obtained from computation of the flow rate along the side-
walls from steady-state natural convection theory. 
FLUID TEMPERATURE 
PROFILES 
i * i 
Figure 1. Ana ly t i ca l Model oi S t r a t i f i c a t i o n . 
In most analyses the model implicitly requires the assumption that 
the edge of the boundary layer represents a surface across which fluid in 
the bulk liquid region may enter but not leave; i.e., none of the side-
wall heat passes through the boundary layer to the bulk liquid. Satis-
fying this assumption in reference 9 required translation of the edge of 
the boundary layer from the tank bottom to allow the heat flux to pass 
directly to the bulk liquid over a fraction K of the sidewall area. In 
making this assumption, however, one of the basic conclusions of the 
primary investigation of natural convection by Griffiths and Davis (35) 
has been ignored. This conclusion was that for turbulent free convec-
tion flows the boundary layer does not carry the heat away; instead, the 
heat is transmitted by turbulent mixing directly to the fluid outside 
the boundary layer. To quote from reference 35: 
A study of the air stream data shows that above a certain height 
the strata of air nearest the plate do not increase appreciably 
either in temperature or in velocity. Consequently they are not 
themselves carrying away the heat from the upper heaters, but are 
merely transmitting this heat to the outer layers, which by their 
increase in temperature and velocity carry it away. In this case 
the method of heat transmission through the close lying strata can 
hardly be pure conduction through streamline layers, for the heat 
transfer is greater than gaseous conduction could ordinarily effect. 
Thus probably the motion of the air is turbulent, resembling rolling, 
any particle in effect alternately proceeding to the hot plate and 
then to outer cooler air in its progress upwards, thus carrying away 
the heat and at a rate greater than could be the case if this tur-
bulence were absent. 
To explain how this basic conclusion was ignored by so many Investigators 
can only be speculated upon. The relative unavailability of the paper 
may be partially responsible; however, a clear statement of the results 
of the study appears in Max Jakobs Heat Transfer, Vol. 1 (4-1). The need 
for a "working model" may have also lead to this occurrence together with 
9 
the appeal of Eckert and Jackson's report, "Analysis of Turbulent Free-
Convection Boundary Layer on Flat Plate" (34), which presents an 
elegant, although heuristic, analytical treatment of turbulent free con-
vection flow, that checks the data nicely. Eckert and Jackson make the 
following comment about the work of Griffiths and Davis: 
Whereas the velocity and temperature profile shapes . . . are 
typical of turbulent free convection flow, the order of magnitude 
of these profiles appears to be in error. It can be shown that 
there is disagreement within the measured values themselves. The 
heat given off by the plate to the airstream must be carried away 
within the boundary layer. The measured temperature and velocity 
profiles as well as the measured maximum velocity and the boundary-
layer thickness vary little along the plate in the turbulent range, 
which means that only a small part of the heat given off by the 
wall is found in the boundary-layer. 
From the above it is not difficult to see how the present circumstances 
arose, since this latter paper has probably served as the basis for 
almost all the stratification analyses Involving turbulent flow. In 
addition, the limited capability of the analyses of stratification in 
predicting the test results has further' complicated the situation, be-
cause due to the success of these analyses there was little reason to 
question the original assumptions involved, 
CHAPTER II 
PRESENT INVESTIGATION 
The present experimental Investigation was designed to provide a 
more general approach to the problem of fluid stratification in the 
turbulent regime than has previously been possible. In this investiga-
tion the effects on the vertical temperature profile of varying modi-
fied Grashof number, Gr ; aspect ratio, L/H; and the ratio of bottom to 
side heat flux, q.-,/q » were studied. Testing was conducted in water 
U o 
which offers numerous advantages both in availability and test flexi-
bility over cryogenic and other non-cryogenic fluids. In order to gain 
a better understanding of the problem, both temperature and velocity 
data were obtained. 
Approach to the Problem 
In planning the test program there were several factors which had 
a decisive influence on the size of the test tank, the test fluid to be 
used, and the method for measuring fluid velocity. When these factors 
are considered, much of the possible arbitrariness of the experiment 
is removedc, The influencing factors are: 
1„ Free convection velocities are generally very small; thus some 
means for accurate velocity measurement must be available. 
2, The system is always in a transient state; thus the fluid 
velocity is a function of both position and timec This implies the need 
for a large number of simultaneous velocity measurements or the need to 
11 
conduct a large number of identical tests. 
3. The two available fluids most convenient and economical for 
testing are air and water. If transition from laminar to turbulent flow 
9 
is assumed to occur for a Grashof number (Gr) equal 10 , the length to 
transition (x ) can be obtained using the equation for 0 , the fluid-
tr w 
to-wall temperature difference for laminar flow with a constant wall 
flux (25). Thus for water at 100°F, the position from the tank bottom 
at which transition occurs can be computed from 
4.4 
x = — 
tr 
( q ) s 
where: x = transition length, ft. 
tr 
2 
q = wall heat flux, Btu/ft hr 
s 
While for air at 100°F and 1 atmosphere 
4,9 
x 
tr , ,1/4 
(q ) 
s 
At higher fluid temperatures x increases for air but decreases 
tr 
for water. Another consideration is that the fluid-to-wall temperature 
difference is 30 to 50 times larger in air than that in water for a given 
heat flux. Therefore, it appears that if turbulent flow over, say, 80 
per cent of the tank walls is to be desired, 0 would be considerably 
less for water than for air, although both would require a relatively 
large tank. 
4. With simple bottom heating, free convection flow over hori-
12 
zontal surfaces is laminar for Rayleigh numbers between 1,700 and 45,000. 
Above Rayleigh numbers of 45,000, the flow becomes turbulent. Thus the 
flow remains laminar at the bottom only for very viscous fluids in rela-
tively small tanks. It appears therefore that a turbulent flow will 
exist at the tank bottom for all practical fluids with reasonable bottom 
heating rates. 
When these four factors are considered it becomes apparent that 
to guarantee turbulent flow over a majority of the sidewalls, a large-
scale tank is necessary. In addition, because of the large values of 
0 associated with turbulent free convection in air, water is a prefer.-
w 
able test fluid. Due to the transient nature of the problem and the 
need for a large number of simultaneous velocity measurements, a photo-
graphic technique combined with neutral density particles suspended in 
the test medium is indicated. The usefulness of a Schlieren system to 
visualize the flow within the test tank is also suggested. 
Conventional methods for obtaining velocity data such as pitot 
tubes or hot wire anemometers are not practical because of the low 
dynamic heads involved, the orientation difficulties, and, especially, 
because of the large amount of data required to define a given test 
condition. Water is a convenient choice as a medium since the size of 
the neutral buoyancy particles can be considerably greater than those 
for use in air. This occurs because of the much higher density of 
water. This is an important circumstance because the optical and photo-
graphic problems involved in the measurement of microscopic particle 
motion in air in a large test tank are of a magnitude sufficient to 
rule out the photographic approach if air were chosen as the test medium. 
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Another problem is the selection of a thermal boundary condition 
at the wall. Two convenient choices available are a constant tempera-
ture and a constant heat flux wall. Because the transient nature of the 
problem requires rapid response of the wall to the design conditions, a 
thick wall with a large heat capacity must be avoided. This rules out 
the constant temperature condition since it normally involves thick, 
highly conductive walls. Another disadvantage of a constant temperature 
wall is that the maximum temperature of the test fluid is limited by 
that of the wall. If a large 0 is used, the power requirements become 
w 
excessive because of the large film coefficients associated with water. 
A constant heat flux wall is not limited to any extent by either of the 
mentioned conditions. Thus, although there are some disadvantages, a 




There are several systems which together comprise the test appa-
ratus. Figure 2 presents a view of the total test system which is 
composed of: 
1. The test tank. 
2. The temperature measurement system. 
3. The velocity measurement system. 
4. The power supply, pump and filtration system, 
A discussion of each of these major systems follows. 
Main Test Tank 
The main test tank, constructed largely of aluminum and plate 
glass, is 117 inches deep, 24 inches wide, 24.5 inches in breadth, and 
contains 298 gallons at a maximum. It is supported on a steel pedestal 
approximately 2 feet tall. By means of a bearing system, the tank can 
be lowered to a horizontal position for easy access. 
The tank depth was chosen to allow turbulent flow along 80 per 
cent of the sidewalls. The maximum value of Gr obtained (assuming water 
14 
at 70°F) was. approximately 5 x 10 . To prevent end effects and for easy 
access, the tank breadth and width were taken as approximately ten times 
the maximum predicted turbulent boundary layer thickness. 
Two sides and the bottom of the tank are designed to heat the test 
Figure 2. Experimental Test Apparatus. 
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fluid and two sides are transparent to permit observation of the fluid 
motion. The side heating surfaces are made of 0.025-inch Inconel sheet 
backed by a 2-inch layer of Pittsburg-Corning Foamglass insulation and a 
0.25 -inch aluminum support plate. The bottom heater utilizes 0.018-
inch Inconel. At various locations from the tank bottom provision is 
made to connect the Inconel sheet to the electrical power system. The 
total maximum series resistance of both the sidewall heaters is 0.0162 
ohms, and the resistance of the bottom heater is 0.0023 ohms. 
Inconel was chosen as the resistive element because of its high 
resistivity and because available Inconel sheet was particularly uniform 
in thickness, chemical composition and heat treat. Stainless steel strip 
was considered but rejected because available tolerances in per cent of 
the required thickness were too large. Measurement of the Inconel sheet 
thickness using a precision micrometer indicates that there are no vari-
ations greater than 0.001 inches. Thus the maximum variations from a 
uniform heat flux should be no more than 4 per cent. Foamglass insula-
tion was used because of Its low conductivity, extremely low water 
absorptivity, due to its closed cell construction, and relatively high 
compressive strength. As the main tank construction material, aluminum 
was chosen for its lightness and rust resistance. However, even using 
aluminum, the tank weighs approximately 1,100 pounds. Thus a cable hoist 
is necessary to erect and lower it. 
The tank is constructed mainly of angle sections and plate. Hori-
zontal ribs are used to stiffen the heater support plate and the lower 
region of the Inner glass plate. In addition, several struts in pure 
tension are used to tie two sides of the tank together. The aluminum 
sections are sized so that the maximum deflection of the full tank from 
its original shape is less than 0.1 inches. 
The transparent sides of the tank are made of two Libby-Owens Ford 
plate glass panels separated by a 1/2-inch air gap. The inside glass 
plate is 3/4 inches thick, and the outside is 1/4 inches thick. The 
design factor of safety for the 3/4-inch plate glass is approximately 6. 
The air gap between the glass plates was provided to reduce the heat loss 
through the glass. Using the results of reference 26, the gap width of 
1/2 inch was chosen to minimize the heat flux. The total heat loss from 
the tank, assuming a 10°F average temperature above ambient, is approxi-
mately 0.06 KW. 
Sealing the tank was one of the most difficult operations required 
in the construction of the entire test apparatus. There were three main 
problem areas: 
1. Sealing up the heater-insulation-support plate system. 
2. Emplacing the 3/4-inch inner glass plates. 
3. Sealing the internal corner joints between the glass and the 
heater. 
The first operation was relatively straightforward although tedious and 
messy. Several gallons of low viscosity polysulfide rubber aircraft 
fuel tank sealant were used to bond the three components together. This 
provided an effective internal resistance to leaks and prevented the need 
for any metal fasteners which could have shorted the heater plate to the 
tank structural members. 
Before the glass plates could be emplaced in the tank, the sur-
faces along which the glass is supported had to be made plane. In a tank 
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as large as this, tolerances within 1/8 inches were impossible. Using 
a combination of polyester resin and metallic shims , a plane surface was 
finally achieved and the 250-pound glass plates were installed along 
with the side and the bottom heating panels. 
In sealing the 2 x 3/16 x 117-inch corner gap between the glass 
and the heater panels, a strip of compressed oakum about 1 inch thick 
was first inserted. Then both high and low viscosity rubber sealant was 
used in several layers to fill the remaining inch. This combination pro-
vided an effective resistance to leaks but did not stop them entirely. 
Finally, several layers of plastic sealant, epoxy paint, flat black paint 
and Glyptol were used to bring the leak rate to less than 0.1 per cent 
per hour at maximum liquid depth. This leak rate, which became essen-
tially zero at 6 feet of water, was considered acceptable. 
Temperature Measurement System 
This system is comprised of two main components: 
1. The vertical temperature probe, including two horizontal 
temperature rakes and the surface temperature thermocouple. 
2. A potentiometer system to measure the thermocouple outputs. 
In addition to the surface temperature thermocouple, the probe contains 
59 calibrated thermocouples located at various depths. A discussion of 
the thermocouple calibration is presented in Appendix E. Figure 3 and 
Table 1 show the probe and the nominal location of each thermocouple. 
The spacing between thermocouples Is chosen to be approximately inversely 
proportional to the axial temperature gradient in the test tank. The 
probe is constructed of plexiglass tubing with a 2-inch inside diameter 
and is 119 inches long. Twenty-gage copper constantan wire with a double 
Figure 3. Vertical Temperature Probe. 
Table 1. Test Sensor Locations 
Sensor Location Sensor Location 
Number (Inches from Bottom) Number (Inches from Bottom) 
1 1 31 66 
2 6 32 67 
3 9 33 68 
4 12 34 69 
5 14 35 70 
6 16 36 71 
7 18 37 72 
8 19 38 78 
9 20 39 81 
10 21 40 84 
11 22 41 86 
12 23 42 88 
13 24 43 90 
14 30 44 91 
15 33 45 92 
16 36 46 93 
17 38 47 94 
18 40 48 95 
19 42 49 96 
20 43 50 102 
21 44 51 105 
22 45 52 108 
23 46 53 110 
24 47 54 112 
25 48 55 113 
26 54 56 114 
27 57 57 115 
28 60 58 116 
29 62 59 117 
30 64 s 
coating of waterproof polyvinyl plastic is used for the thermocouples. 
The thermocouple wire passes through the center of the tube and out 
through holes drilled in the plexiglass. The thermocouple junctions 
are located about 2 inches from the probe. The wire is sufficiently 
stiff to prevent sagging; thus the thermocouple locations remain rela-
tively fixed during the tests. 
The thermocouple leads run from the probe through a wooden rec-
tangular duct, which also supports the probe, to a junction box near the 
top of the tank. A small blower is used to cool the interior of the 
junction box in order to minimize any temperature gradients that may 
exist across the junction connections, especially when the tank is full. 
At the junction box 16 of the 60 liquid temperature sensors are connected 
to leads running to the potentiometer system. Eight other channels are 
connected to the two horizontal temperature variation rakes. 
Because of the relatively large gage of the thermocouple wire, 
significant conduction effects may be present. This is true primarily 
near the top of the tank where lead lengths to the junction box are 
shortest. To minimize these effects in this region the insulation within 
approximately 1.5 inches of each thermocouple junction was stripped off. 
Calculations show that this reduces the maximum error due to conduction 
to less than 0.04°F for thermocouples within one foot of the tank top. 
This error is felt to be negligible. Below one foot the error due to 
conduction effects is essentially zero. 
The temperature-time data during most of the testing were obtained 
manually using a stop watch and a Leeds and Northrup millivolt potenti-
ometer , Model 8686. A portion of the test data, however, was obtained 
using a Honeywell 24-channel strip chart recorder, model Electronik 16. 
In practically no case was the error in absolute temperature measurement 
for any sensor greater than ± 0.25°F. Because of the number (16) of 
thermocouple readings taken during each traverse, it can be shown that 
the resulting smoothed experimental temperature profiles themselves are 
somewhat more accurate than the figure mentioned above for the individual 
sensors. 
To obtain a measure of the profile accuracy, least square fits 
using up to 10th order polynomials were made to several typical test 
temperature profiles. The assumption of a polynomial fit to the test 
data is somewhat arbitrary, however, it does provide a convenient quan-
titative means for determining the smoothness of the data by calculation 
of e , the root mean square deviation. The maximum root mean square 
rms ^ ^ 
deviation found between chosen test profiles and the corresponding poly-
nomials was .05°F. 
If, in addition to a polynomial fit, it is further assumed that 
the temperature errors are all random, a technique described by Hilde-
brand (36) allows an estimate (E ) of the root mean square deviation 
rms 
between the true temperature profile and the measured temperature profile 
to be obtained using the expression: 
E = / N + 1 -
rms / N - M rms 
where: N + 1 = Number of data points. 
M = One plus the order of polynomial assumed. 
e = Root mean square deviation between least squares fit of 
rms ^ 
order n and measured temperatures. 
Thus, it appears that a value of ± 0.1°F is perhaps more representative 
of the overall temperature error than the ± .25°F maximum error for any 
single sensor. 
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Velocity Data Instrumentation System 
To obtain quantitative fluid velocity data in the tank, a photo-
graphic technique similar to that reported by Brooks (27) was used. This 
technique involves the photography of 0.002-inch hollow glass spheres 
suspended in the water. These particles, called Eccospheres, are manu-
factured by Emerson £ Cuming Inc. An intense 4-kilowatt line source of 
light located in the box at the top of the tank was used to provide a 
thin curtain of light parallel to and midway between the glass sides. 
Thus the fluid motion was observed in the vertical plane of symmetry. 
At the lower depths within the tank, the intensity of the light 
emitted from the light box is noticeably diminished. This occurs because 
of the divergence of the light beam and attenuation due to light absorp-
tion by the water and the particles. In addition, a significant amount 
of light is lost because of reflection at the surface. This situation 
generally requires the use of a fast film and/or a camera with a small 
f number lens. Even though the width of the lighted region may be 
several inches at the tank bottom, the fact that the particles are so 
small and the camera is open near its maximum aperture, in order to get 
as much light as possible, results in a minimum depth of field, due to 
the lens characteristic. Thus even though a relatively large number of 
particles reflect light into the camera lens, only those particles within 
less than 1/4 inches of the focal plane are observed. However, there is 
less fuzziness and greater contrast in the pictures taken near the top 
of the tank than in those taken in the lower regions. This is because 
there is more light near the top and fewer out-of-focus lighted par-
ticles. 
For many of the photographs, the camera and shutter system were 
fastened to a large vertical frame (Figure 2) normally placed adjacent 
to the glass side of the tank. Using this frame, the vertical position 
of the camera can be changed rapidly and easily. In addition, the frame 
supports a boom which is used to raise and lower the light box. The 
whole apparatus is on rollers and can be readily moved when this is 
necessary. 
Several different types of film and two different cameras were 
used in the photographic investigation. Velocity data were obtained 
from time exposure streak photographs and by multiple exposure photo-
graphs of the particle motion. Because the location of the particles 
was considerably further from the light source than in reference 27 due 
to the size of the present test tank, there was a significant reduction 
in the amount of light available. For this reason results using a 35 mm 
Nikon reflex camera with an f 1.5 lens were found superior to those 
obtained from the f 4.7, 125 mm, 4 x 5 Crown graphic presstype camera 
used in investigation of reference 27. In addition, the streak photo-
graphs were found to provide a less confusing and less cluttered image 
of the particle motion than those obtained using the intermittent expo-
sure technique of reference 27. Thus the 35 mm Nikon camera with a 
calibrated 1.07 second shutter speed was used with Tri-X film In all of 
the pictures of the particle motion shown here. 
In addition to the suspended particles, a 6-inch Schlieren system 
manufactured by the Aerolab Supply Company was used to study the fluid 
flow within the test tank. Since mirrors used in the Schlieren are 
essentially fixed, an additional system of 4- adjustable second-surface 
mirrors mounted on the test tank was devised. This allows the fluid 
motion in any region within the tank to be studied, although there is 
some loss of light and image sharpness due to the multiple reflections. 
Power Supply, Pump and Filtration System 
Because of the low resistance of the heaters, low voltage currents 
up to 600 amperes are necessary to provide the desired heating rates. 
This requires the use of a system of large transformers with appropriate 
control devices to vary the power over the desired range. To provide 
independent operation of the bottom and side heaters, two separate sys-
tems are necessary. The side heating system utilizes a 7.5 KVA trans-
former controlled by a 5 KVA saturable reactor. The bottom heating 
system utilizes a 7.5 KVA transformer controlled by a 2 KVA saturable 
reactor. Both transformers and saturable reactors were manufactured by 
the General Electric Company. The saturable reactors are controlled in 
turn by a small, variable transformer-silicon rectifier bridge system 
which produces a variable voltage direct current. Using the system 
described, it is possible to obtain maximum heating power levels of 
approximately 5 KW for the side heater and 1 KW for the bottom heater, 
To empty the test vessel a 3/4--horsepower pump connected to a 
length of garden hose, which enters the tank from above, is used. A 
simple drain at the tank bottom must be avoided to preserve the test 
conditions of a uniform wall heat flux. Because of the technique chosen 
for observing the fluid motion, it is necessary to maintain the test 
water as free of dirt and dust particles as possible. To accomplish 
this a filtration system is used to remove extraneous particles down to 
5 microns in diameter. This practically insures that the only visible 
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particles are the Eccospheres. The filtration unit includes a 1/3-
horsepower motor, a small centrifugal pump and a Cuno Micro Klean filter 
unit. 
Test Procedure 
To obtain both fluid temperature data and fluid velocity data, it 
was necessary to conduct duplicate tests since simultaneous operation of 
the photographic equipment and the potentiometer was not practical. In 
the temperature testing, the liquid depth in the test tank was first 
established and the liquid agitated to obtain a desired thermal equi-
librium state. This procedure was relatively simple at liquid depths of 
2 feet, but at depths of 6 feet and 9.75 feet it was surprisingly diffi-
cult to obtain a constant temperature throughout the tank. For this 
reason, some of the tests at depths of 6 and 9.75 feet were begun with 
small axial temperature gradients present. In no case, however, did the 
variations from the initial mean temperature exceed 0.15°F. 
At least once each day before testing began, the temperature data 
system was calibrated. This was accomplished by locating the moveable 
surface probe at different points in the tank and comparing its output 
with the output of various thermocouples. It was found that the system 
calibration changed from day to day by small amounts, generally less than 
0»25°F, This change in the system calibration is largely responsible 
for the possible error of - 0.25°F in absolute temperature present for 
each sensor. During any single test, however, the calibration of the 
system changed only slightly; and therefore the errors present in terms 
of temperature changes are considerably less than the absolute error.. 
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The variations in the system calibration are believed to have resulted 
from changing thermal gradients present in the lead wire connections 
both at the junction box located near the top of the tank and in the 
connections to the potentiometer selector switch. Every effort was 
made to minimize these gradients but they could never be eliminated 
entirely. 
Once the desired initial conditions were obtained and the test 
liquid was in a quiescent state, simultaneously the chosen heating condi-
tions were established by introducing low-voltage current into the heat-
ers and the stop watch was started. The former operation could usually 
be accomplished within approximately 10 seconds. Then at various inter-
vals during the test, traverses of the axial temperature profile were 
madeo In some tests both axial and horizontal temperature measurements 
were obtained,, The test ended when the thermal behavior approached a 
quasi-steady state in which all temperatures became approximate linear 
functions of time. The time versus thermocouple output data taken during 
the tests were in most cases manually recorded on the input forms for the 
data reduction computer program. This allowed rapid computer processing 
of the test data and provided a continual status report on the results 
of the testing, A discussion of this program, together with a listing 
Is presented In Appendix C 
In the photographic studies of motion in the test tank, somewhat 
more elaborate preparations for the testing were required than in the 
temperature studies. These preparations are discussed in some detail by 
Brooks (27). Briefly, they consisted of emptying and thoroughly cleaning 
the inside of the test tank from the previous operation, filling the tank 
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with filtered tap water, and then continually filtering the water over 
period of 24 to 72 hours. This procedure, when properly followed, 
guaranteed almost perfectly clear, deaerated water for use in the 
testing. Approximately one half hour before the beginning of tests 
using the suspended particles, the Eccospheres were injected into the 
water near the bottom of the tank. Since the glass particles are less 
dense than the water, and because some flow disturbance was usually 
created by the injection, the particles gradually rose up and appeared 
to fill the tank approximately homogeneously. The quantity of particle 
injected varied somewhat between the tests; however, best results were 
obtained when r, the number of particles per cubic inch, was in the 
range 
100 < r < 500 
Testing began when the particles were for practical purposes at rest. 
Throughout the testing, a record was made of the time and duration of 
the various exposures. During each exposure the camera f number was 
manually decreased, thus making the forward portion of each streak 
brighter than the rear and giving a sense of direction to the traces. 
In tests utilizing Schlieren photography, the above procedure was also 
followed, except no particles were used. 
Test Results 
Fluid Thermal Behavior 
In the experimental study of fluid thermal behavior a total of 
30 tests were conducted in which Gr was varied from 1.3 x 10 to 
5 x 10 , L/H varied between 1 and 4.88, and q^/q varied between 0 and 
b s 
9,4. A summary of this program appears in Table 2. To insure accuracy 
of the test results, more than 20 per cent of the tests were rerun. The 
results showed that the tests were reproducible to a satisfactory preci-
sion and thus provide confidence in the overall program. For example, 
test 2100 was rerun and the maximum root mean square deviation between 
the two tests was 0.1°F. 
Typical measured centerline temperature profiles obtained from the 
testing are shown in Figures 4, 5, 6, and 7 at different times. A tabu-
lation of all the data from the 30 tests is presented in Appendix F. In 
Figures 4, 5, and 6, the dimensionless temperature ratio @ /Q is pre-
sented as a function of the dimensionless height X/L. Figure 4 illus-
trates the thermal behavior of the fluid with side heating only in the 
lower range of Gr investigated. It is seen that the thermal stratifi-
cation begins Immediately after sidewall heating commences and gradually 
penetrates to the bottom of the test tank. It is interesting to note 
that while the initial curvature of the profile is convex toward the 
surface, It becomes decreasingly so and finally approaches an almost 
linear form. Results from other tests in the same range of Gr indicate 
that for even longer test times the shape becomes slightly convex down-
wards. Of interest is the fact that the temperature at the tank bottom 
did not change for practical purposes even for extended test times, as 
in test 1000. 
Figure 5 presents the thermal behavior of the fluid with side 
heating only in the upper range of Gr investigated. From the onset of 
heating, there is marked difference in the shape of the temperature 
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profile from that observed in Figure M. While the shape of the tempera-
ture profile in Figure 4- is relatively simple with no inflection points 
it is seen that for Figure 5 there are always two inflection points. 
Again the bottom temperature remained fixed during the entire test. A 
point of interest is the zero slope of the temperature profile near the 
tank bottom. Thus it appears that even for very long test times: 
30 
0,(0,1) = i—^ 
,61 
x=0 x=< 
The double inflection characteristic at large values of Gr is distinctly 
different from the results reported by Harper, et al, (12), where even at 
14 . . 
Gr - 10 the temperature profiles were simply curved as m Figure 4. 
This variation may be the result of the difference in the physical scale 
of the tests and the fact that a definite distance is required for tran-
sition from laminar to turbulent flow. There is, however, a strong 
similarity to the S-shaped temperature profiles reported by Neff, Bailey, 
and Vliet in generally larger test vesselsc 
Figure 6 illustrates a typical thermal response to combined bottom 
and side heating. From the figure it is seen that characteristic of the 
results with combined heating is the similarity of the temperature pro-
files once the stratification approaches its asymptotic depth. The 
temperature near the tank bottom was subject to strong and rapid fluctua-
tions due to the induced circulation patterns. Thus the temperatures 
shown are instantaneous and not mean values at the time indicated. Usu-
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Figure 6. Temperature Profiles with Combined 
Bottom and Side Heating. 
the temperature reaches a minimum for values of X/L between 0.1 and 0.3 
and then rises toward the surface temperature. Close inspection of the 
temperature profile reveals the presence of two inflection points as in 
Figure 5. This type behavior was also observed more distinctly in the 
results of testing with bottom heating at L/H = 4.88; however, it was not 
present in the results with bottom heating at L/H = 1. 
In Figure 7, the effects of increasing the ratio q /q are illus-
-D S 
trated. Here the dimensionless temperature 0^/0^ is plotted versus 
r 2 2max r 
X/L, The use of the ratio 0^/0^ rather than 0n/0, is made in this 
2 2max 1 lmax 
case because the former gives a better representation of the shape of the 
temperature profile than the latter. This is because the ratio 0,/0, 
r 1 lmax 
tends to magnify variations in the temperature profile at a given time, 
while the ratio Q /Q puts the temperature variations in a more proper 
perspective. From the figure, the near uniformity in the temperature 
profile, even for early test times, is apparent. For larger values of 
q /q the temperature profile becomes even more nearly constant as in 
1J o 
test 1800. 
As a part of each test series temperature traverses were made at 
various elevations in the bulk fluid to check for the possible existence 
of horizontal temperature gradients. It was found that they were negli-
gible, a fact which confirms the findings of Tatom, et al. (9), Harper, 
et al. (12), and Barakat and Clark (21). 
Fluid Motion 
In the Investigation of fluid motion within the test tank, the 
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gure 7. Temperature Profiles with Combined Bottom and Side Heating. 
Fluid motion and velocity data were obtained using a Schlieren system 
and by photographic observation of the motion of particles suspended in 
the water. Numerous photographs of the fluid behavior were taken using 
both techniques at various times and locations within the test tank. 
These photographs provide both qualitative and quantitative information 
on the fluid motion. 
Figures 8 and 9 present typical particle streak and Schlieren 
photographs of the flow near and within the natural convection boundary 
layer along the vertical sidewalls with side heating only. Examination 
of Figure 8 shows the presence of at least two vortices at the outer 
region of the turbulent boundary layer which indicates that fluid is 
simultaneously leaving and entering the bulk liquid. The type motion 
shown in both pictures occurs in all predominantly turbulent regions and 
for all time after the boundary layer has been established. In addition 
this type flow is present in both the stratified and the unstratified 
regions of the tank. From these pictures and others taken at earlier 
times, together with motion pictures taken using the Schlieren system, 
it appears that the presence of vortices at the outer edge of the 
boundary layer is a characteristic of turbulent free convection flows, a 
conclusion which verifies the speculation of Griffiths and Davis (35). 
Fluctuations at the outer edge of the turbulent free convection 
boundary layer have also been observed by numerous investigators. For 
example, the results of Eckert and Soehngen (30)(31) using interferometry 
photographs of the free convection boundary layer demonstrate this clear-
ly. To quote from the second paper: "In the outer portion of the 
boundary layer, the scale of the fluctuations is remarkably large." 
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Figure 8. Particle Streak Photograph In and Near Boundary Layer 
Gr* = 2 x 1013, x = 90 sec. 
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Figure 9- Schlieren Photograph of Boundary Layer 
Gr* = 2 x H ,13 T = sec 
In another paper by Eckert, et al. (32), an unsuccessful attempt was made 
using a hot wire anenometer to accurately measure the velocity profile in 
a tube with combined turbulent forced and free convection. The large 
velocity fluctuations present in the boundary layer were given as one of 
the reasons for the lack of accuracy in the measurements. In a still 
more recent paper by Mordchelles-Regnier and Kaplan (33), the steady 
transitional and turbulent natural convection boundary layer flow in a 
vertical air gap with heating and cooling at opposite sides was investi-
gated. Interferometer photographs taken of the turbulent boundary layer 
bear a strong resemblance to those of (31) and to the Schlieren photo-
graphs presented here. 
In Figure 8 the presence and extent of the region of high shear 
between the boundary layer and the downward moving bulk liquid is of 
considerable interest since it effectively restricts the bulk liquid 
motion and, therefore, increases its velocity. An analysis of the 
motion shown in Figure 8 has been made using a method described in 
Appendix G. A sketch of the results Is presented in Figure 10. The 
figure shows qualitatively the flow field observed and typical velocity 
magnitudes. In addition, the figure divides the flow field into three 
regions: the boundary layer, the vortex layer, and the bulk flow; and 
presents approximate values for the thickness of the first two. Using 
the method mentioned above, an Investigation of the product US, which 
governs the growth of the thermal layer, was also made from the results 
of the picture. It was found that while separate values of U and 6 dif-
fer significantly from those predicted, the product was within 5 per cent 
of that computed using the analysis of Appendix A. Thus it appears that 
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Figure 10. Analysis of Flow In and Near Boundary Layer. 
4-2 
even though there is a loss of warm fluid from the boundary layer, the 
approximation of simple turbulent boundary layer flow near the sides 
provides a good method for calculating the free convection flow into the 
thermal layer. 
Figures 11 and 12 present typical Schlieren and particle photo-
graphs taken at the bottom corner with combined bottom and side heating. 
Both pictures illustrate the complexity of the flow near the bottom under 
these heating conditions. Upon initiation of heating, the Schlieren 
pictures indicate a flow development similar to that observed by Jacobs 
(28); however, the "mushroom" lobes seem to grow much faster near the 
corner with the heated vertical surface. After only a short time a rela-
tively uniform thermal front is formed which moves upward into the cooler 
liquid. After considerable time passes, the character of the motion 
seems to change and becomes extremely random or of a very coarse turbu-
lence. Occasionally the flow becomes more orderly as illustrated in 
Figure 12. Here it appears that a very large circulation pattern has 
formed. 
Figure 13 presents a Schlieren photograph of motion close to the 
liquid surface near the sidewalls with side heating only. The behavior 
shown bears a strong resemblance to the Schlieren photographs presented 
in (19). Figure 14 presents an overall view of the particle motion in 
the top portion of the test tank. For this picture the camera was 
located 33 inches from the outer glass panel, or approximately 4-5 inches 
from the focal plane. The picture clearly shows the symmetry of the 
fluid motion which appears almost laminar in the inner regions. This 
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Figure 11. 3chlieren Photograph Near Bottom with Combined heating 
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Figure 12. Particle Streak Photograph Wear Bottom with 
Combined Keating. 
q /q_ = 1.7s T ~ 156 sec. 
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Figure 13. • Schlieren Photograph Near the Surface Close 
to the Sidewalls with Side Heating Only. 
Gr* = 7 x 10 1 - ha sec. 
Figure 14. Particle Streak Photograph of Upper Region 
of Test Tank with Side Heating Only. 
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Correlation of Test Data 
To correlate the temperature data a thermal model and an analysis 
of the fluid behavior are needed. While the model previously discussed 
has its shortcomings, many of which are noted by Clark (29), for turbu-
lent flow there seems at this time no way to avoid its simplifications 
and semi-empiricism and still obtain workable answers. Since no better 
model appears available, the present one has been adopted. Expanded and 
improved versions of the analyses of references 8 and 9 have been used, 
respectively, to correlate the data with side heating only and with 
combined side and bottom heating. In the latter case, K has been re-
defined as the fraction of the sidewall heating which is transfered 
through the boundary layer directly to the bulk liquid. Conveniently 
the change in the definition of K together with a few other necessary 
modifications can be made with hardly no increase in the complexity of 
the original analysis. A detailed description of these analyses is 
presented in Appendices A and B. 
To compare the predicted results with the experimental data, 
Figures 15, 16, 7, and 17 are presented. In Figures 15, 16, and 17, as 
in Figure 7, the data are plotted using the ratio Q^/Q^ . This ratio 
2 2max 
allows a comparison between the predicted and the experimental results 
which illustrates the ability or Inability of the analysis to predict 
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Figure 15. Temperature Profiles with Side Heating Only. 
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Figure 17. Temperature Profiles with Combined 
Bottom and Side Heating. 
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not only the shape of the profile but the temperature level as well. It 
also puts departures between the predicted and the experimental results 
In a fairer proportion. Figure 15 illustrates the ability of the 
analysis to accurately predict the experimental data at low values of 
Gr with side heating only. On the other hand, Figure 16 Illustrates 
the inability of the analysis to predict the experimental results at 
large values of Gr with side heating only. 
As seen from Figure 16, the actual rate of growth of the thermal 
layer is considerably greater than that Indicated from the analysis. 
The predicted thermal layer thickness in Figure 15, however, checks 
nicely with the experimental data. In addition, the complex curvature 
of the temperature profile at large Gr , is only fairly represented by 
trie analysis, while it works well at smaller Gr , as seen in Figure 15c 
This implies that the free convection flow at large Gr is fundamentally 
different than that at small Gr . This is again in agreement with the 
conclusions of Griffiths and Davis (35). 
An investigation of the effects of changing the shape of the 
assumed turbulent free convection velocity profile has been made to 
determine If the rate of flow In the boundary layer can be increased 
sufficiently to explain the test results at large Gr . Following the 
method outlined in Appendix A, integral forms for the momentum and 
energy equations have been solved for several different velocity pro-
files and the results used to predict the rate of stratification. How-
ever, the effects of varying the profile are found to be small and quite 
Insufficient to explain the test data, 
Figures 7 and 17 illustrate the ability of the analysis with com-
bined bottom and side heating using different values of q /q to predict 
the temperature profile, especially for large times, and lends confidence 
to the choice of this analysis as a means of correlating trie data. Since 
the analysis with bottom heating requires knowledge of two previously 
defined empirical coefficients K and K , one of the objectives of the 
investigation has been to obtain a correlation of the test data which 
V; 
would allow prediction of K and K as functions of Gr , L/H, and 
qv/q . In addition,, the overall success of the model in predicting the 
temperature profile in the liquid for given values for K and K has 
been investigated^ 
A correlation of all the tests with combined bottom and side heat-
ing has been madec In the correlation, values of K and K for each 
individual tost have been obtained which minimize a /o , the time-space 
root mean square deviation between the predicted and experimental data 
expressed as a fraction of the mean temperature rise. The following 
expressions have been obtained for K and K : r o 1 
3o3 x 10 13(q./q )Gr" 
D S 
[(b/H)4 t 3] 
for all Gr 
* 13 
For Gr > 10 
% - ! 
Kn = -(2)(—-)(-Hn , 1 
1 % L 
K o + 4)(w4} 
~i8/7 





For Gr < 10 13 
(2)(—)6ln< 
% H 
1 qh W 
K + (±.)C-°)(f) 
o 2 q L 
s 
1 q>- H 
1 + (±) (—)(£-) 
S 
8/7 "I 
These expressions \\ave been shown to provide predictions of K and Kn 
o 1 
which allow correlation of the calculated and the experimental profiles 
to within a maximum error of 10 per cent of 0 , the mean temperature 
rise of the test fluid. Since the minimum value of o„ /0„ for any test 
Tx 2 
with combined heating is 4,2 per cent and the average of all the minimums 
is 6:9 per cent, it is clear that even a perfect correlation of all the 
data would involve a certain amount of error, hence a temperature devia-
tion of 10 per cent of the bulk mean temperature rise is not felt to be 
excessive. In the use of these correlations some care should be made 
* 15 
not to apply them to situations where Gr > 10 . This is due to the 
presence of a substantial laminar and transitional flow region in the 
test tank which should make the effects of bottom heating more signifi-
cant than would be expected in situations where, with side heating only, 
the flow is turbulent almost from the leading edge. In cases where a 
substantial portion of the natural convection flow Is laminar with side 
heating only, the turbulence produced by bottom heating strongly disturbs 
the laminar flow and causes transition to occur close to the tank bottom. 
This results not only in a moderate increase in the heat diffusion in the 
already turbulent region, but in a significant transfer of heat to the 
bulk liquid in the previously laminar region due to turbulent mixing 
54 
which would not have occurred without bottom heating. This latter effect 
would not be present in case the flow with side heating only were turbu-
lent almost from the leading edge. 
Interpretation of Results 
From the results of the present study and the conclusions of 
reference 35 a more complete understanding of the stratification process 
with side heating only begins to take form. It appears that the S-shape 
to the temperature profiles at large Gr is caused by eddy diffusion of 
heat across the boundary layer directly to the bulk liquid once the flow 
becomes turbulent. While a portion of the sidewall heat is carried away 
by the boundary layer and ultimately near the surface is transported out 
into the thermal layer, a significant percentage of the heat never 
reaches the surface, but Is absorbed by the liquid directly„ This ex-
plains the apparent agreement with the analytical model at low Gr where 
the amount of eddy diffusion is small because the flow is mainly laminar 
and it also explains the results at large Gr where the flow is primarily 
turbulent. Thus in the case of side heating only, the relatively simple 
temperature profile shape assumed In the analyses in Appendix B must 
somehow be modified to take Into account the effects of increasing Gr . 
This problem is conveniently simplified, however, in the situation with 
combined heating because the bottom heat addition produces a fairly uni-
form temperature in the lower regions of the tank due to turbulent mixing 
in the vertical direction. 
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Analysis of Diffusion Effects on Bulk Liquid 
Thermal Behavior with Side Heating Only 
In the situation with side heating only, an attempt has been made 
to determine a functional expression governing the mechanism of heat dif-
fusion through the boundary layer by studying its effect on the bulk 
liquid thermal behavior in the lower region of the tank. In the analysis, 
the heat diffusion fraction K is considered primarily as a function of x 
O f J 
alone. It Is near zero along the laminar boundary layer, rises up rapidly 
during transition and approaches some asymptotic value between zero and 
unity as the Grashof number approaches infinity. This behavior is sug-
gested from reference 35 and from the Schlieren and particle photographs, 
which in the laminar regime indicate no fluid motion out of the boundary 
layer* The pictures indicate that in the transitional region coarse 
turbulence begins to appear intermittently, and finally in the fully-
developed turbulent regime the eddies forming and moving out Into the 
bulk liquid are created almost continuously. Thus the diffusion of heat 
to the bulk liquid is primarily dependent on the degree of turbulence in 
the boundary layer, which is itself mainly a function of x. 
In the analysis several assumptions are made, i.e.: 
1. There is complete mixing of the bulk liquid in the horizontal 
plane. 
2. The boundary layer thickness is small compared with the width 
of the tank. 
3. The average velocity and the boundary layer thickness derived 
for a constant wall flux with a uniform fluid temperature for both lami-
nar and turbulent free convection flow are sufficiently accurate to define 
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the boundary layer properties, even though in the latter derivation no 
consideration was given to the diffusion process. This implies that: 
a. The product U6 is a function of position x alone. 
b. No allowance is made for the effects of changing bulk 
liquid temperature. 
c. Starting transients in the boundary layer are negligible. 
d. The downward velocity of the bulk liquid outside the 
boundary layer has no influence on the boundary layer 
properties„ 
Justification of assumption one comes from the test data which indicate 
that horizontal temperature gradients outside the boundary layer are 
negligible„ Assumption two can be verified by simple calculation of 6 
in the lower region of the test tank. Assumption three is necessary to 
obtain an adequate expression for the boundary layer flow in both the 
laminar and turbulent regions which can be handled mathematically. It 
is verified to a large extent in the turbulent regions by the close 
agreement between predicted and observed values of U6 In Figure 8. Con-
cerning transients in the boundary layer growth, observations with the 
Schlieren system and the particles show that the boundary layer is 
essentially completely developed within one minute after application of 
side heating. Thus neglecting transient boundary layer effects should 
not cause any significant error in the results obtained. 
With these assumptions, an analysis of the thermal behavior of 
an elemental bulk liquid control volume can be made. A sketch of the 
control volume is shown in Figure 18. From the sketch it can be seen 
that the control volume Is assumed to gain heat by diffusion directly 
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Figure 18. Boundary Layer Diffusion Analytical Model. 
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through the boundary layer and by convection from elements above. It 
loses heat by convection to elements below and by convection into the 
boundary layer which develops in thickness and velocity with increasing 
x. It should be recognized that the diffusion process pictured here 
must be studied in the relatively narrow domain in time and position 
during which there is no influence on the bulk liquid temperature due 
to the downward motion of warm stratified fluid from the surface. Thus 
the temperature rises measured in this regime are generally small and 
therefore experimental precision is limited. 
Before making an energy balance, a realtion between U and Vn _, tj tjj °° bl 
must be obtained. It is clear from continuity that: 
V, _ = /- (06) (1) 
bl dx 
In addition, neglecting the boundary layer thickness it follows from 
continuity that: 
U = |- U6 (2) 
oo H 
Thus the result is obtained: 
9U 
(U6) = % VV1 (3) )x H 3x H bl 
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Writing an energy balance during an elemental change in time: 
n. rr, rsrn ^^OO 
WHpcdx ~ = WHpc(T + ^ " dx) (U + -̂  dx) + q K 2Wdx (4-) 
dT dX °° dX S O 
- WHpcTU - 2WpcT d[{J6) dx 
00 dX 
Utilizing (2) and (3) and neglecting differential terms of a higher order 
the following equation is obtained: 
• r - = 77 K + - (U6) — (5) 
dx Hpc o H 3X 
Initially the fluid is at a uniform temperature; thus 
T(x,0) = T (6) 
vo 
It has been experimentally observed that 
T(0,T) = T y o (7) 
Thus (5) must be solved subject to the boundary conditions (6) and (7). 
By making the substitution 0 = T - T , the following more convenient 
differential equation is obtained: 
)92 2qs 2 - 802 
K + ^ (U6) ~ (8) 'x Hpc o H 3x 
where: Q (0,T) = 0 
02(x,O) = 0 . 
Besides describing the thermal behavior of the bulk liquid, 
Equation (8) also provides one definition of the heat diffusion fraction 
K „ Since the form of K is unknown, some means of determining it is 
o o 
necessary. There are two ways this can be done. The first method in-
volves solving directly for K using the basic definition (8) and experi-
mental data. The second involves solving the differential Equation (8) 
and then iterating in some manner for K by minimizing the error between 
the predicted and the experimental results. Both methods have advantages 
and disadvantages. The first method was chosen because it is more direct 
and is not influenced in any way by the analytical technique required to 
solve (8). There are, however, computational problems involved in the 
direct approach, since only a limited amount of data are available. For 
example, the formation of derivatives from the experimental results may 
involve large errors. To minimize these errors, time average values of 
K were determined by treating K as a function of x, (8) was rearranged 
and then integrated with respect to time to produce the result: 
V = l f 92 + c ( x ) - r 0 6 / T a / d T ( 9 > 
s s o 
By noting that 0 (0,x) = 0, it can be shown that c(x) = 0. Thus an im-
proved expression for K which involves only integrated quantities can 
be obtained: 
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^ G - ̂  U6 / - 2 - di 
2q 2 q J 8x 
K = -^ 2 °~ (10) 
o 
To perform the operations indicated in the integral expression 
for K , a computer program was written for use on the IBM 360 computer. 
A brief description of this program and a listing are presented in 
Appendix D. Numerical calculations for K using the data of a test 
identical to that of 1300 were made. Test 1300 was not used because 
sufficient data in the lower region of the test tank were unavailable. 
The results of the analysis are presented in Figure 19 where K is shown 
as a function of x at various times. From the figure it is seen that 
K does primarily vary with x, although there are evidently some effects 
of changing time. These effects will be discussed later. When it is 
considered that there are only 42 data points available in the ranges 
0 < x <4.5 ft., and 0 < T < 660 sec, it may be recognized that the 
apparent time dependence of K is at least partially due to errors pro-
duced by the coarseness of the computation grid. 
The shape of the K curve in Figure 19 is interesting since for 
all times it shows an abrupt rise from zero to a maximum near unity at 
about 3.6 feet. Although sufficient data are not available, it is 
believed from the results of the photographic study and conclusions of 
reference 35 that the curve does not drop back to zero but takes on a 
constant value for large x. An explanation of the maximum point can be 
gained by considering what happens in the boundary layer during transi-
tion. In doing this, it becomes necessary to make a somewhat more 
general definition of K than has been used previously. Considering 
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Figure 18 again, it is seen that the following expression can be written 
concerning the instantaneous change of the energy in the boundary layer: 
q dx - q,dx - ̂r— 
^s d 9x 
/ pcUTdy dx 
9T 
/ pcTdy dx (11) 
Therefore: 






Generalizing the previous definition of K , the following result is ob-
tained : 
1 3 
K = = 1 " 
o ^ dx 






If both sides of (13) are integrated with respect to time and then 
divided by time, a time average is obtained. Since the last term in 
(13) fluctuates strongly in the transitional regime, its time average 
should be small or near zero. Thus the result is obtained: 
1 
K (x) - 1 7— 
o q 9x 
s 
/ pcUTdy (14) 
where the bars indicate time average values. From this expression it 
can be seen that if the time average change with respect to x of the 
boundary layer energy integral is negative, K could conceivably take 
on values greater than or near unity 
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In the process of transition to turbulence, Schlieren photographs 
indicate that large quantities of hot fluid abruptly and intermittently 
leave the boundary layer. Since the location of the transition point 
fluctuates in time it may be expected that this heat is released over a 
reasonably broad range of x and not just at a single point. This release 
of energy during transition indicates that the time average change with 
respect to x of the boundary layer energy drops sharply from its laminar 
flow value. Once a relatively stable condition is reached in the turbu-
lent boundary layer, however, it would be expected that the change in 
the boundary layer energy would again take on a relatively constant posi-
tive value. 
This, then, explains the presence of the maximum in the graph of 
K . For in a sense, the laminar boundary layer bursts during transition 
and releases a large amount of its energy to the bulk liquid. This 
energy then reflects large local values of K . After a stable condition 
o 
is reached in the turbulent boundary layer, the amount of heat diffusion 
becomes nearly constant and K becomes more uniform and approaches an 
asymptotic value. 
While the definition (13) of K based on boundary layer energy 
changes indicates that there is a time dependence to K , the results 
o 
based on bulk liquid thermal response presented in Figure 19 demonstrate 
that this time dependence is not strong. Further, from the figure it is 
clear that the time average values of K do not differ greatly from the 
o 
instantaneous values. Thus for purposes of the analysis, and to a 
reasonable precision, K is considered a unique function of x alone 
and therefore K = K 
o o 
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Solution to the Boundary Layer Diffusion Equation 
Once K is defined, a solution to (8) becomes of interest. Equa-
o 
tion (8) is a linear first order non-homogeneous partial differential 
equation. It has been solved subject to certain constraints in two ways 
The first involves a separation of variables technique; the second in-
volves use of the Laplace Transform. The former solution Is less 
general than the latter; however, it will be presented since to a cer-
tain extent it motivates the latter method. We have the differential 
equation 
'02 2^s K o ( x ) 2 ,,,. d62 
(8) 
Noting that K is considered a function of x alone, the following sub-
o 
stitution is made: 
0 (X,T) = W ( X , T ) - \\J(X) (15) 
Introducing this expression into (8) gives 
9w 
8x 
2q K (x) _ ,. 
5 ° 1 0 d* 
Hpc H y J dx 
t I (06) %L 
H dX 
(16) 
where: w(x,0) = ip(x) 
W(0,T) = M O ) • 
If ij; is chosen so that the bracketed term is zero, (16) can be converted 
into a simple linear homogeneous first order equation which can be solved 
routinely. But the following relation between ty, K , and U6 must hold 
if this method of solution is followed: 
q K (x) 
ij; = — / -£ dx (17) 
p c U6 
In solving the resulting homogeneous equation for w(x,x) a product solu-
tion is assumed, i.e., 
w(x,x) = F(x) • T(T) (18) 
Substituting this expression into (16), and dividing by F • T, the fol-
lowing is obtained: 
1_ 9T_ _ 2_ U6_ _3_F ( 
T 3T H F 3X U ; 
Since the expression on the left is a pure function of time and that on 
the right is a pure function of x, both must equal some quantity A, the 
separation constant. Thus the solution of (19) reduces to the solution 
of two ordinary differential equations: 
^- = AT (20) 
dx 
dF H AF , , 
d^y— (21) 
By simple integration the following results are obtained 
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T = C e X T ( 22 ) 
API f dx_ 
F = C 2 e
2 ° 6 (23) 
T h e r e f o r e 
AH r dx 
2 
W ( X , T ) = C1C2 e
A T • e U 6 (24) 
and 
AH r dx 
2 -" -
0 2 = C ^ e
A T • e U 6 - 4>(x) (25) 
In order that 0 (x,0) be zero the following condition must hold 
AH_ r dx_ 
2 J - q K (x) 
CnC e = — / -° . dx - iKx) (26) 
pc u6 
which also can be written 
q K Q(X) 
C F(x) = pf / — dx = IJJ(X) (27) 
U6 
Differentiating both sides of (27) and utilizing (21), the following 
equation is obtained: 
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Cn £ A F(x) = -£- K (x) (28) 
1 2 pc o 
This expression defines the basic relationship which must exist between 
K and US, if the form chosen in (16) is to be used. Written out more 
o 
completely (28) becomes 
AH f dx 
2 ^ -
K (x) = (££-£) C_C_Xe U 6 (29) 




0O = — I T - K (x) [e
AT - 1] (30) 
2 pcHX o 
Equation (29) is clearly a very restrictive relation between K (x) and 
US. Even though some flexibility can be gained by the proper choice of 
A, C C and suitable approximations to US, experience has shown that (30) 
does not adequately describe the test results. It should be emphasized, 
however, that the problem here is mathematical, not physical, and lies in 
the chosen method of solution which involves the substitution (15) with 
the inevitable result (30). 
In order to obtain a more general solution to (8) a second method 
utilizing the Laplace Transform is presented. In this analysis, assump-
tions as to the commutability of certain limiting operations are made and 
often the derivation is not rigorous. Even though the solution is gained 
through formal mathematics, it can be shown that the result thus obtained 
satisfies trie differential equation (8) and the boundary conditions. 
Questions concerning uniqueness of the solution have been ignored since 
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the agreement between the predicted and the experimental results appears 
to guarantee this property. 
In the solution to (8), the Laplace Transform with respect to time 
~S T 
is utilized. Thus each term in (8) is multiplied by e and integrated 
with respect to T from 0 to °° . The result of the transform of each 
term is indicated below: 
902 
X [TT^-] = s0o(s,x) - 0o(O,x) (31) 
T 3T 2 2 
2q K (x) 2q K (x) 
I [ I ° ] - (-) * ° (32) 
T Hpc s Hpc 
2 - 302 2 - dQ2 
K^T, US T ^ = TT u6 A C33) 
T H 3x H dx 
where 
r.[02(x,T)] = 02(x,s) (34) 
Hence (8) is transformed to the linear, first order, ordinary differen-
tial equation: 
2 - d~Q2 1 2% 
=? U6 —^ + - — - K (x) = s0o (35) 
H dx s Hpc o 2 
subject to the transformed boundary condition 
£ [0 2(O,T)] - 0 (0,s) = 0 . (36) 
Rearranging and multiplying both sides by the integrating factor: 
Hs r dx 
2 J -
U6 
the result is obtained: 
Hs r dx 




Hs r dx — J -— 
U6 
= - e 




This can be integrated directly, applying the transformed boundary 
conditions, to give: 
u A Hs r dx 
Uo x 1/ / \ j 
e t e • qs K0(x) dx e2 = (-) • (38) 
s o pc U6 
At this point a new function g(x) is introduced with the property that 
U6 = A g(x)/g'(x) 39) 
and 
g(0) = 0 
2 
where: A = 1 ft /sec 
g(x) and g (x) are dimensionless. 
Further it is assumed that K (x) can be expanded as a power series in 
g(x). Thus 




where C are dimensionless. Introducing (39) and (40) into (38) gives 
m 
HsB 
q r , J r X ^ »
2 A Icrncg(x)]%'(x)dx 
^s [ g ( x ) J r m 
2 p e s 
(41) 
A g ( x ) 
where B = 1 f t . 
Interchanging the operations of addition and integration, assuming 
HsB . . . . . 
m > •—— , performing the indicated integration and noting that g(0) = 0 
z A 
gives the result: 
HsB 
2q W 
, s , Lg(x)] 








which can be simplified to 





The inverse transform of the summation term: 
2q C [g(x)] 
^HpCr L 2mA 









Utilizing the operational property: 
X"1 [- f (s)] = / F(x)dT, where f(s) = Z CF(x)] 




it Is immediately seen that: 
2mA 
T q B r . .-,mr HB -. 
e,(x,T) = A I c [ g ( x ) ] [ — («) 
2 ' pcA L m 
m m 
Examination of this result shows that it satisfies (8) and the boundary 
conditions. 
The introduction of g(x), as defined in (3 9), is suggested by (23) 
where F(x) plays the same role as g(x). Also, the expansion of K (x) 
in powers of g(x) is suggested from (29). Examination of the solution 
to (8) using the separation of variables approach reveals that it is 
actually the first term In the series expansion of the solution using the 
Laplace Transform. If in (15) 0 had been assumed as a series of the form 
Q0 = I 0 9 . = 5 > U , T ) - i M x ) ] (47) 
Z . Z l . 1 1 
1 1 
w h e r e : 0 „ . ( O , T ) - 0 
2 i 
0 2 i ( x , O ) = 0 , 
a result identical to (46) would have resulted. 
The only problem remaining Is to find the proper g(x). From the 
defining relation it follows that 
A_ r dx_ 
g(x) = eB °6 (48) 
Since the relation for U6 must hold both in the laminar and the turbulent 
regions, a form which approaches the turbulent expression for large x but 
is reasonably valid in the laminar region is desirable. Therefore 
utilizing Equations A-17 and A-19, an expression of the form 




where J - 1 ft seems plausible. A plot of this expression together with 
the computed values of U6 for laminar and turbulent flow in the test 
under discussion is presented in Figure 20. Also plotted is a simpler 
expression for U6 of the form 
U6 = 
K'x 
1 + J/x 2 
(50) 
2 
where J = 1 ft . It is seen that both expressions give an accurate fit 
to the computed curves of U6. The latter expression, however, is of much 
greater usefulness, and has been used in the determination of g(x). Thus 
to a close approximation 











It is convenient if the ratio mA/K'B takes on integral values so that 
2 
K (x) can be expressed as a power series in (xe ). Thus a new, 
. 0 0 5 r 
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Figure 20. Graphs of U6 for Test 130> 
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d i m e n s i o n l e s s q u a n t i t y 
mA 
KM 
is introduced, where n takes on positive integral values. Thus the 




KQ(x) = I c[xe
 2 X V (54) 
n = i 
2nK'i 
2 
q n r 2x nn r H n 
n r \ - s V n Lxe J |_e - U , c c , 
Q 2 ( X , X ) " pcl^ *> Cri ( 5 5 ) 
n=i n 
Using a least squares fit to the test data, the coefficients in 
the power series for 0 have been determined by means of the computer 
program described in Appendix D. A comparison between the predicted 
results using an eighth order polynomial and the experimental results 
for 0 is presented in Figure 21. Here it is seen that there is good 
agreement between the two families of curves. The rms deviation between 
the predicted and the test results is 0.023°F. Close examination of the 
predicted results, however, shows a waviness which is characteristic of 
power series fits. Unfortunately, beyond a certain point, the least 
squares technique to find the C 's begins to produce erratic results as 
the order of the polynomial is continually increased. This is believed 
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Figure 21. Fxperimental and Predicted Values of 0 (X,T) for Test 1300. <! 
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culations. Thus there appears no way to significantly reduce the wavi-
ness of the results at the present time since power series fits of orders 
8 or 9 are about the practical limit for the IBM 360 computer. 
Corresponding to the eighth order polynomial for 0 a graph of 
K (x) is presented in Figure 22, together with a graph of the time 
average K (x) obtained from the test data. While both curves exhibit 
the same general shape, the agreement is not good. It was determined 
that as the order of the polynomial fit increases up to 8 or 9, both 
the peak predicted value of K (x) and its location diminish. Using 
o 
linear extrapolation, it was found that a 19th order polynomial should 
result in a maximum K (x) of 1.0 at a value of x = 3.6 ft. This coin-
o 
cides with the peak value of K (x) determined from the test results. 
o 
Thus it is believed that if accurate, higher order fits to 0 were ob-
tainable, the agreement for K (x) would be significantly better. 
The fact that much better accuracy can be obtained for 0 (X,T) 
than for K (x) using a certain order fit, perhaps needs some explana-
i 30 
tion. From Equation (10), the sensitivity of K (x) to J -—=- di 
o •* 3x 
o 
is seen. Thus while the expression for 0 using a certain order fit may 
oscillate about the experimental values and closely approximate it, the 
90 
9x 
r 8 Q Q 
/
T z . 
di may significantly differ from the experimental values 
o 
due to the waviness of the predicted curve. Hence it is seen that to 
produce satisfactory results, the expansion must not only closely ap-
proximate 0 but Its derivatives as well. 
While there are some shortcomings to the Laplace Transform tech-
nique, it clearly provides a much better way to solve (8) than the first 
method used* In addition, it appears that the effects of Ignoring the 
K. CORRESPONDING TO ANALYTICAL RESULTS 
TIME AVERAGE K. CORRESPONDING 
TO TEST RESULTS 
Figure 22. Experimental and Predicted Values of K for Test 1300. 
time dependence of K and of the approximation involved in the expression 
for US are negligible. Finally, since the results of the analysis and 
the testing show good agreement, the validity of the analytical model is 




From the results of this investigation it appears that for en-
closed liquids heated at the sides and/or at the bottom, a heat transfer 
eddy diffusion mechanism is present within the turbulent free convection 
boundary layer which allows heat to be transfered directly across the 
boundary layer to the bulk liquid. While the intensity of bottom heat-
ing and the liquid aspect ratio significantly influence the amount of 
heat transferred across the boundary layer, this heat transfer occurs 
even under conditions with side heating only, at large values of Gr , 
This implies that under these circumstances the turbulence itself present 
in the boundary layer is responsible for the heat transfer. Success of 
the boundary layer diffusion analysis supports this idea and provides a 
quantitative description of the heat transfer diffusion process. 
Successful correlation of the data with combined side and bottom 
heating indicates that the analysis of reference 9 provides adequate 
predictions of liquid thermal behavior for most engineering purposes. 
Some improvement, however, might be made to give better predictions of 
the temperature profile, especially in the lower regions of the tank. 
The similarity of the temperature profiles perhaps might provide the 
basis for a more precise analysis. The limited success at large Gr of 
the analysis of reference 8, with side heating only, suggests that sub-
stantial improvement could be made perhaps by incorporating into the 
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analytical model the concept of heat diffusion across the turbulent 
boundary layer. 
Although the photographic techniques used in the study could be 
improved by better lighting, the results of the study illustrate the 
usefulness of combined investigations of fluid motion with fluid thermal 
behavior. It is apparent that only a limited understanding of the 
boundary layer diffusion mechanism would have been possible from the 
temperature data alone. 
CHAPTER VI 
RECOMMENDATIONS 
There are several ways In which the present test apparatus could 
be used, with some modifications, to extend the study of transient free 
convection effects. For example, the bottom shape could be varied to 
determine its Influence on stratification phenomena. Also the test 
fluid might be changed to determine the effects of Prandtl number on 
stratification. In this case air might be used. Further, a study of 
the three dimensional effects of boundary layer and bulk liquid turbu-
lence should be made to determine its role in the diffusion process. 
Without making any modifications to the test apparatus, however, an 
enormous amount of work could and should be done In additional investi-
gation and quantitative study of stratification. More particle streak 
pictures and more Schlieren photographs together with axial temperature 
data would undoubtedly provide significant additional information con-
cerning the process of stratification and boundary layer diffusion. 
In addition to the above, a separate investigation of turbulent 
free convection should be made to obtain accurate boundary layer velocity 
and temperature profile data. Such information is vital to a final 
understanding of the diffusion process and may shed considerable light on 
the mechanics of turbulence itself. The definition of K from Equation 
(13) could be used to directly compute the diffusion fraction. In addi-
tion, the influence on the boundary layer of downward bulk liquid flow 
could be investigated and transient phenomena could be studied. An 
investigation of the effects on stratification of the thermocouple 
probe diameter might also be made to confirm the implicit assumption 
that the relatively large probe diameter used had little if any influ-
ence on the experimental results obtained. 
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APPENDIX A 
TURBULENT FREE CONVECTION WITH UNIFORM WALL HEAT FLUX" 
An analysis of turbulent free convection with a uniform wall heat 
flux is presented. Following the approach of Eckert and Jackson (34), 
the Karman Integral Method is utilized. Integration of the Navier-Stokes 


















The velocity and temperature profiles are assumed as 
While some of the results of the analyses discussed in Appendices 
A and B have been presented before (9), the details of the derivations 
are not available in the open literature. In addition, the analyses 
presented here are somewhat more general and improved over those in 
reference 9. It is felt, therefore, that to provide a proper discussion 




0 = 0 [1 - (y/6)1/?] (A-4) 
w 
where p is considered a parameter whose value is chosen to give the best 
fit to experimental data. Also from (34), the wall shear stress is 
defined as 
T = 0.0225 -P-U2 (-V)1 ^ (A_5) 
w g 1 U, 6 
o 1 
With the resulting relation for the Stanton number, using Reynolds 
Analogy for turbulent flow: 
q 1/4 -2/3 
St = ^ V = 0.0225 C ^ ) Pr (A-6) 
1 w 1 
Introduction of the assumed velocity and temperature profiles into the 
integral terms appearing in (A-l), and (A-2) gives the results: 
<5 U26r(9/7)r(l+2p) 
' U d y = 1(1 + 9/7 + 2p) ' = U16J1 (A'7) 
o r 
6 0 6 
/ 0dy = ~ (A-8) 
/ UOdy = U 0 
1 w 
r(8/7)r(i+P) _ r(9/7)r(i+P) 
r(i+8/7+p) " r(i+g/7+p) 
= U Q 6J_ 1 w 2 
(A-9) 
In addition to these, the following integral is of interest 
, , 6 U r(8/7)r(l+p) 
u = x / udy = r(i+8/7+p) : uiJ3 (A-10) 
Utilizing Equations (A-3) - (A-9), the energy equation becomes 
q 1A -2/3 
-£- [U.0 6J ] = — = 0.0225 U.0 (-̂ r) (Pr) 
dx 1 w 2 pc 1 w U 6 
(A-ll) 
This can be integrated directly, noting that the right hand terms are 
constant to give: 
q s X 
w pcJ U < 
(A-12) 
[ — ] Pr (-) x (A-13) 
Introduction of Equations (A-3) - (A-9) Into the momentum equation leads 
to the relation: 




Substitution of the expressions for 0 and 6 into (A-14) produces, after 
w 
rearrangement: 
d r n9/5 4/5, , ( x , x
9 / 5 
d^ ( u i x } - Ai (u7} - B i ^ (A-15) 
where 
g 3q 14/5 
/ O Sv _V 
\ 2 ; ^ 7/15 
kv Pr 
1 
1 /S 4/c) 
L 8J^ J (.0225) /D. 
2/3 J 2 
s i = p- J 7 
Following (34), it is assumed that 
U (x) = C3 x (A-15) 
which after substitution into (A-15) allows the determination of C , and 
Y, with the result 





The expression for U can be written more descriptively as 
1 
; 5 / 1V 2
/ 7(.02 2 5)
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Finally, from the definition of the heat transfer coefficient, the fol-
















In the general situation studied, heating of the test fluid occurs 
both at the sides of the container and at the bottom. The side heating 
causes the formation of a free convection flow of warm fluid upward with 
the resulting creation of a thermally stratified region near the surface. 
The thermal layer produced is stable and if side heating were to cease, 
the temperature profile would become static with the warmer less dense 
liquid floating above the colder, denser liquid. The bottom heating, 
in contrast, causes an unstable condition to exist since warm liquid is 
created beneath the cooler bulk liquid„ The result is a strong mixing 
action which tends to equilize the temperature In the test tank. 
With combined side and bottom heating the stabilizing effect of 
the side heating is opposed by the unstabilizing influence of bottom 
heating. Thus even though the thermal layer tends to grow due to side 
heating effects, simultaneously it also tends to diminish due to mixing 
effects caused by bottom heating. This mixing can be thought of 
analytically as an outward flow from the bottom of the thermal layer. 
In the analysis presented, it has been assumed that this mixing flow is 
a function only of the test conditions and not a function of time. In 
the case of side heating only, the mixing flow postulated would be zero. 
In the case of bottom heating only, the mixing flow would be such that 
no thermal layer can form. For intermediate values of bottom heating, 
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test results indicate that the thermal layer depth becomes constant at 
large test times. This indicates that the growth rate and the mixing 
rate must ultimately reach equilibrium and suggests that the latter can 
be expressed in terms of the former. In the analysis a form for this 
mixing flow has been chosen which automatically satisfies the two extreme 
conditions. In addition a constant K , to be determined experimentally, 
has been defined which allows intermediate values of the mixing flow to 
be calculated. 
Besides K , another empirical constant is required in the analysis. 
This constant K , is defined here as the fraction of the total sidewall 
o 
heating which passes directly to the bulk liquid. In the analysis of (9) 
K was considered as that fraction of the sidewall area over which no 
o 
natural convection boundary layer is present. In the ideal case, a rela-
tion exists between the two constants K and K_, . This relation Is 
o 1 
discussed later. In the actual situation, however, K and K, must be 
o 1 
considered independent of one another to allow Individual selection of 
values which give a best fit of the test data to the analysis, 
In the analysis of the motion and thermal behavior of the liquid 
within the container, the energy equation and the continuity equation 
are used primarily. The fluid in the tank is divided into two regions; 
the thermal layer and the bulk liquid. Certain assumptions and approxi-
mations are made concerning the interactions between these two regions. 
The main assumptions, however, have been stated in Chapter I and in the 
preceding paragraphs. 
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Mass Balance--Thermal Layer 
Referring to Figure 1, the continuity equation can be written 
Rate of Change of 







Noting that the thermal layer control volume increases in size with 
time, an analytical expression for continuity can be written as: 
A ( P H W £ ) = 26Wp[U + 4^] - PU . [WH - 2W6] di QT mix 
(B-2) 
where U and 5 are to be evaluated at the bottom of the thermal layer.. 
Assuming incompressible flow, (B-2) becomes after rearranging terms: 
til 2U< 
dx H - 2< mix 
(B-3) 
At this point an analytic expression for U . is needed. An expression 
^ mix 
satisfying the requirements stated previously has been chosen arbi-
trarily. This expression is 
2U6(L) 
Umix = H - 26(L) 
- K iV Q s n 
[1 - e ] (B-4) 
In addition to U . , a relation for U6 is needed. From Appendix A, 
mix ^r ' 
92 
expressions for U and 6 can be obtained from Equations (A-10), (A-17) 
and (A-19). Thus Equation (B-3) becomes: 




dx H - 2 6 ( x O H - 26(L) 
t 
[1 (B-5) 




8 J2 Pr 
2/3 
5 3q /kv 
o s 
1.572 -i- + Pr 2 / 3 
J2 
2/7 
Energy Balance--Bulk Liquid 
Noting that no work is done, an energy balance on the bulk liquid 
may be written in the form: 
Rate of Change] 





\ Rate / 
Partial Side 
Heating Ratei 
Rate of Energy 
Convected from 
\ Bulk Liquid 
Region 
(B-6) 
Since the bulk liquid is assumed always in thermal equilibrium, the first 
term becomes simply 
WHpc -̂ - [(L - £) • T ] 
di v (B-7) 
The second term is 
q WH (B-8) 
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The third term may be written as 
2WLq K 
s o (B-9) 




By combination of the above relations, the bulk liquid energy balance 
can be written: 
WHpc - ^ - [ ( L - J D - T ] = WHq^ + 2WLq K - WHpcT ^ 
dx v ^b ^s o v dx 
(B-ll) 
This can be simplified to give: 
d T ^ + 2q (L/H)K v b s o 
dx 
pc[L - £] 
(B-12) 
Energy Balance--Thermal Layer 
If heat transfer effects at the liquid surface are ignored, an 
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The first term is simply: 
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2WLq (1 - K ) T (B-14) 
s o 
The second term can be written as: 
WHpc j T — di (B-15) J v di 
o 
Here it is assumed that the fluid leaves and enters the bulk liquid 
region at the bulk liquid temperature. 
By combining (B-14) and (B-15) an expression for the total energy 
within the thermal layer can be obtained as a function of time alone. 
Unfortunately this does not provide sufficient information to determine 
the temperature profile, itself. However, besides the integral of the 
profile, the surface temperature and the bulk liquid temperature are 
also available using the results of both the tests and the analysis. 
Due to the nature of the problem and the limited information at hand, 
it appears then that an integral approach using an assumed temperature 
profile offers the best solution. After considerable trial and error 
an appropriate one parameter form for the thermal layer temperature 
profile which best fits all the test data has been chosen. This form 
is: 
\ l - Ts - (Ts - V Cl - E/£]" (B-15) 
where e is defined in Figure 1 and n is a function of time alone. Thus, 
the total energy in the thermal layer at any time can be written as: 
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I 
WHpc / {T - (T - T )[1 - e/£]n}de J s s v 
o 
(B-17) 
After integration this becomes: 
WHpcil 
(T - T ) 
' s v 
n + 1 
(B-18) 
X can be obtained analytically; however, T is not known in general 
and its value must be obtained from experimental measurements. 
Once the energy within the thermal layer is known, together with 
the bulk liquid and surface temperature, there exists a unique value of 
n. In general, n may vary with time from positive values near zero to 
values of the order of 10 to 20. An expression for n can be gained by 
combining Equations (B-13), (B-14), (B-15) and (B-18) to obtain: 
n = 
(T - T ) 
s v 
- 1 (B-19) 
T -
2L(1 - K ) 
o 
Hpc£ V / T £idT J v dx o 
Equations (B-5), (B-12), (B-16) and (B-19) together with the 
assumptions made define the conditions within both the bulk liquid and 
In many cases of interest, however, where the liquid is pres-
surized with its own vapor, T is known, since the surface must be main-
tained at the saturation temperature corresponding to the tank pressure. 
Numerous investigators (38), (39), (4-0), have shown that the assumption 
of negligible heat and mass transfer at the surface is justified even 
under these conditions, where evaporation and/or condensation may be 
occurring. 
the thermal layer as a function of time alone. In general a simultaneous 
solution to these equations must be obtained numerically since they are 
not readily amenable to analytic methods. If, however, the boundary 
8/7 — 
layer thickness is ignored and the term x in the expression for U6 
is linearized to the form ax - b, analytical solutions can be found for 
both I and T . The solution for I is 
v 
2aK 
£ = £^[1 - exp ( - -^— T ) ] (B-20) 
where ^ = L[ l - [1 - exp ( - K ^ / Q g ) ] 7 / 8 ] 
L 8 / ? , v \ 
3 - — 6 X P < " K l (T> 
CO V g 
b = L 8 / 7 [ ^ - e x p (- K / ) - 1] 
The constants a and b are evaluated by equating U6 and ax - b at 
x^ = L and x^ = (L - I ), respectively. The solution for T is 
t t °° v 
% + KoQS H f 
Tv = Tvo + HHpc[L - I ] ̂  + 23K7 l n ( 1 ' T ) ] (B"21) 
oo 2 
with the resulting expression for n: 
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WHpc£(T - T ) 
S V 
/WHpc£(T -T ) - Q 0 ( l - K )x + s v S o 
+ K Q 
o S r HL .. ,T [T + ^ „ „ In ( L 




Finally, if there is no bottom heating T = T , U . = 0 and a solution 
v vo mix 
for £ can be obtained, neglecting the boundary layer thickness, with no 
linearization. This solution is 
I - L 
2KL 1' 7 
1 - (—4 x . I ) " 7 (B-23) 
The corresponding expression for n is: 
(T - T ) 
s vo 
(T - T ) - ££al" 
s vo Hpc£ 
(B-24) 
Ideal Relation Between K and Kn 
, o 1 
A relation between K and K can be shown to exist in the ideal 
o 1 
case, where the fluid behavior exactly follows that assumed in the 
analysis. In general, however, the derived relation between K and Kn 
•̂  o 1 
Is displaced in various amounts from the results obtained from the 
testing. This displacement provides a measure of the departure of the 
actual fluid behavior from the ideal behavior. 
To determine the relation between K and K_, , the behavior of the 
o 1 
ideal system for large values of time is studied. Since £ approaches £ 
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qK + 2q (L/H)K 
b s o 
pc(L - £ ] 
= Constant (B-25) 
By differentiating Equation (B-13) and by defining 
T = — f T de 
o 
(B-26) 
the following relation can be gained, noting that for large times i 









In addition, for large times the tank average temperature T is governed 
by the two relations 
dj_ 
dx 
2qs qb L, " 
dT £ dT „ 
N, V m ti n 
) ~i— + -T i = Constant X-H» Hpc Lpc L dT L dT 
(B-28) 
Equations (B-25), (B-27) and (B-28) indicate that at large times all the 
temperature derivatives become constant. By combining these equations, 













Finally, using (B-25), (B-27) and the definition of £ , the desired 
expression for K can be written: 
K = - (2)(— )(h In 
1 qb H 
1 -
^s 
1 + (i)( v > 




This relation provides the basis for the correlation expression for K 
1 
p resen ted in the s ec t i on "Cor re l a t i on of Test Data" in Chapter IV. 
APPENDIX C 
TEMPERATURE DATA CORRELATION COMPUTER PROGRAM 
In the analysis presented in Appendix B two empirical constants, 
K and K , are required before any predictions of stratification can be 
made. One of the main objectives of the experimental program has been 
to supply data from which values of these constants can be gained under 
varying test conditions. To correlate the analytical model and the test 
data, a computer program has been written for use on the IBM 7094. 
Basically the objective of the program is to find the set of values for 
K and Kn which give a "best fit" between the test data and the predicted o 1 fa r 
results. The criterion used here for best fit is that family of pre-
dicted temperature profiles which minimizes the function: 
ix 2 ^ 
1 2 
max L 
/ / (T - T )'̂ dxdi 
LT J P exp 
max o o 
(C-l) 
where: T = predicted temperature, F 
T = experimental temperature, F 
0 = mean temperature rise of the test fluid. 
The quantity (a /© ) is the root mean square temperature deviation in 
time and axial position between the test data and the predicted results 
expressed as a fraction of the test fluid mean temperature rise. It is 
a function of K and K only. Thus the problem of determining a best 
o 1 r & 
101 
becomes that of finding the minimum point on a three-dimensional surface. 
A minimization technique based on the definition of the gradient 
of a function of two independent variables was first tried unsuccess-
fully. During this phase, it was found that the (a /G ) surface is not 
IX /L 
shaped with a definite minimum but rather as a deep, narrow, slightly 
curved canoe whose keel is oriented at some angle between the positive 
K and K axes. In retrospect, this shape is not too surprising when the 
ideal relation (B-30) between K and Kn is studied. Because of this 
o 1 
particular shape the gradient technique was found to converge extremely 
slowly. However, a second less elegant method was found which works 
very efficiently and consumes only a small amount of machine time. This 
method involves first finding the local minimum (am /0„) at a given K 
Tx 2 o 
by successive calculation of the minimum of (am /E) ) parabolas fitted 
Tx 2 
through various guessed values of K . By continually decreasing the 
range of values of K around the current local minimum, the desired 
least value of (am /Q_) can be determined to arbitrary precision. Then Tx 2 
using the value of K obtained as a first guess, a new local minimum is 
found for a new value of K . This process is repeated over any desired 
range of K and Kn . o 1 
Figure 23 is presented to illustrate the shape of a typical 
(a /09) surface together with the locus of local minimums. In addition, 
the ideal relation between K and K is plotted. From study of the 
figures the elongated shape of the constant (om /0 ) contours is observed 
Tx 2 
and it is seen that (a /6 ) varies only slightly from its minimum over 
a relatively broad range of values for K and K . In addition, the 
o 1 ' 
similarity between the actual and the Ideal values for K and K,is noted, 
o 1 









.2 .8 1.0 1.2 1.4 1.6 
Figure 23. Constant a |0 Contours and Ideal Relation 
Between K and K , Test 0200. 
o 1' 
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In computing (a /©„), values of T for a given pair of K and K 
must be obtained in some manner. The computer program is written so 
that the approximate analytical solutions presented in Equations (B-20), 
(B-21), and (B-22) can be used first to obtain approximate values for the 
desired locus of minimums. These (a /0Q) values can then be used as 
first guesses to obtain even more precision by numerically solving Equa-
tions (B-5) and (B-12) for T and I. It has been found that the numeri-
cal solutions give results insignificantly different from those corre-
sponding to the approximate solutions. For this reason, and to save 
computer time, all of the correlations have been made using the approxi-
mate solutions. 
Besides calculation of K and K , the computer program also con-
verts the millivolt output from each test sensor to degrees Fahrenheit, 
using the calibration corrections, and produces temperature profiles at 
fixed values of time by interpolating parabolically in the raw test 
data. Further, it calculates various boundary layer characteristics 
and determines the bottom and side heat flux by integrating the tempera-
ture profile. Finally, the program has an option by use of which the 
predicted results and the test results are both plotted on the same 
graph allowing visual comparison of the theory and the experiment. 
During the correlation of the test data with the analytical model 
an investigation was made of the effect on predicted thermal layer 
growth of the shape of the assumed velocity profile in the boundary 
layer. It was found that in Equation (A-3) a value of p = 2 gives most 
favorable results, although the effects of changes in the profile shape 
are relatively minor, generally being less than 10 per cent. Thus for 
all the correlations presented, the velocity profile is assumed to be of 
the form 
U = U1(y/6)
1/7(1 - y/6)2 (C-2) 
This profile is different from that used by Eckert and Jackson which was 
chosen to give a best fit to existing heat transfer data for a vertical 
flat plate. It, however, is identical with that used by Fujii (37) in 
a more recent study of turbulent natural convection along vertical 
cylinders. 
A complete listing of the computer program is presented in the 
following pages. 
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(> I MEN 5 I O N T T ( 1 0 0 ) , P ( l u 0 ) . V ( 1 0 0 ) , V K ( 1 0 C ) , ) ( S E ( 1 6 l , T O ( 1 0 r | , L 2 ( 8 I , 1 3 / " 1 / f > 6 
I) I K E N S I UN T T l 1 Or. ) , P ( 1 0 0 ) . V ( K G ) , Y K ( 1 0 0 ) , X S F ( 1 6 ) , T S ( I C f i ) , L ? I fi) . 
1 C P ( 1 U L ) , [ ' R ( l ^ O . H E T I 1 0 0 ) . A L P ( l t O ) . T E ( 1 6 , 1 0 0 ) . f H F ( l f n | , M 1 6 I . M A O | , 
2 T 2 I ( l b , 1 0 G ) , N S ( 1 6 ) , X S ( 6 0 ) , A A ( 6 ) , L l ( 8 ) , T I ( 1 0 0 ) , D T A P ( 1 0 n ) , r > U M { 3 n r > ) , 
J E F P ( 1 0 u ) , 0 H C ( 1 0 0 ) . 0 S C ( 1 0C ) , QDSC ( 1 C I > . T T T ( 1 f, , I C G ) , S I G M A X I \ r n ) 
D I M E N S I O N Y K 0 ( 5 ) . YK 1 ( 5 ) , Y K 2 ( 5 ) 
L C ' I G I N X L L , X K 1 , 0 B . O S . X K G ! , N J , D T I P , H , T V 0 , X < 2 , 
I P 1 , C P 1 . D L L . W , T E , X S F . S I G M A X , N A . T T T . T I . 0 U M , N T B L 1 , L 1 , Q E T , T T , P , V . Y K . 
2G.P ,P i< , A L P , D T I , G , O . W , H , Q O S C . D T I C 
L 0<*G F O R M A T ( 1 O E 8 .<" J 
[ =L 
£N = E 
I 0 = 6 
I P - - 7 
I X = 2 
I P P = 3 
C A L l L C O G N I 1 , I P P ) 
C R E A C P O S I T I O N S O f 1 2 u S E N S O P S 
PEAG) I N P U T T A P E I N . I C H O . X S 
C P E A 0 T A d E E ] 
1 1 = 1 + 1 
P i ' A O I N P U 1 T A P E I N . 1 0 0 0 , T T l I ) , P ( I ) . V ( I ) , YK ( I ) , C P < I I . P R ( I ) , | < F T ( I ) , A 
L L P ( 1 ) 
l L o G E E P M A T ( H p u . r ) 
I F ( T T ( I 1 ) 1 . ^ , 1 
2 N T I i L I = I - 1 
* ' I T L O U T P U T T A P E 1 0 . 2 0 ' M 
* P I T h O U T P U T T A P E 1 0 , 1 0 GM • , ( T T I I ) , P ( I ) . 
1 V ( I ) , Y K ( I ) , ( . P ( I ) , P P ( I ) , I 4 P T ( I ) . A L " ( [ ) , I = 1 . N T H L 1 ) 
1 G V j E J k M A T ( 1 4 X , 1 H T » I M , 1 I P , 1 4 X , I H V , 1 4 X , 
I 1 H K , U X , 2 M C P > 1 3 X , 2 H P R , 1 1 X , 4 H r ) G T A , 1GX i 
" " : " - L P H A / / l t i F l T . ' j / ! ) 
C RF AC T A-iL -. 2 
H L- tk I N'' ".• [ P P 
JQS.J H f - A C I h i - ' U T T A P E I N , 1 L 1 G , •* , H , X L L , O S A , 
1 (,. i A , I M l , , I L V i V , I YC AP , N T E ST . D i .L , O T [ P , 
i r T i C , T 1 M , h: X K . T V 0 , G , N J , N A 
1u 1 G E O w M A T ( EE 1 G . I , 3 I 2 , I 4 , 2 F 1 C . 0 / S E 1 G . < , I 5 . A [ 1 ) 
' * K l E O U T P U T T A P F 1 0 , 2 0 0 2 
A rt I T[ O U T P U T T A P E I O , 1 1 G ^ , W , H , X L L I 
I v . A . U H A , I MO , I u A Y , I YE AP , N TE S T , DE L , 
r..)T I P , O T I C . T I M , N J , b X K , TVO , G , MA 
I U I F [ , ' » A T | I X . ? H » = ,C 1 ( . 4 / 3 H H = , F 1 0 . A / 
] A H L L = , E 1 0 . A / E H 0 S A = , E l 0 . A / M l QHA = , 
2 L 1 '. . 4 / C. H I I A T E = • 1 2 , 1 H / , I d , 1 H / , 1 2 / 
3fcH T E S T = , I [ . : / i M O L L = , E 1 0 . A / p M D T I P = , G 1 G . 4 / 
<->'H G)TIG = . f l u . 4 / E M T I M E = . E l r , , 4 / 3 H J = , 
G 1 2 / ' > H E X K = . E 1 " . A / -; H T V 2 = . E 1 G) . 4 / 3 H <, = , 
6 t l C . . A / 1 7 1 1 O P T I O N A . R . G - . D : , 4 ( I 1 , 1 H , ) ) 
C H v . A " T A o L t 3 
F G A O I N P U T T A . ' E I N , J < 2 G . < ( T c ( I , J ) . T E I ( 1 . J ) , I = 1 , 1 <=> I . J = 1 , N J ) 
1 0 2 G F E - M A T ( t ig 1 •. . ' • ) 
3 ^ . u 1 = 1 . 1 ' . : 
" I . < G" •" I J = 1 , N J 
3 C C L I f . I ( I . J ) = T E I ( I . J ) * r v " ' . 
l:i.. E.G'G I = l , O J 
f •-> 1 T I O U T P U T T A P t I O , o C 0 3 
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D I M E N S I U N T T ( 1 0 C ) , P ( 1 0 0 ) . V ( 1 0 0 ) , Y K ( 1 0 C ) , X S E ( l 6 ) , T R ( l O O ) , L ? ( f l ) , 1 3/""> 1 / 6 * 
5 0 C WWITE O U T P U T T A P E I 0 , 1 1 1 G . ( TE < J , I ) , 
I T E I ( J , I ) » J = 1 , 1 6 ) 
1 1 1 0 F O W M A T I I X , 6 X , 4 H T t M P , 1 0 X . A H T I M C / / 
l < F l E 5 . C . 5 X , F l 5 . 6 / ) > 
C RE AC S C N S O H NO . 
R E A D I N P U T T A P E I N . 1 0 J J 0 . N 5 
1 0 J 0 F O H M A T I l t I 5 l 
* « I T t O U T P U T T A P E I O , 2 u 0 4 
C R E A D 1-iCAD T E M P E D A T U R F P O L Y C O F F F . F O P S E N S O R S 
3 t«i AC I N P U T T A P E I N , 1 & 5 0 . A A , I I I I 
I CSC F L l H M A T ( 6 E 1 'j . E> , [ 5 ) 
I F ( I I I I ) 1 5 , 5 . 1 5 
1 5 CO 1 4 ( = 1 , 1 6 
IF( I III-NSI I) ) 14,4,14 
1 A CONT INUE 
WHITE OUTPUT TAPF I O , 1 1 3C , A A , I [ [I 
1 1JC FORMAT( 6E 1 3.e>, 1X, I b) 
G, TO 3 
c cr. ; r<tCT S E N S O R T E M P R E A D I N G 
'i DO S I J = 1 , N J 
b l T t ( I , J ) = A A ( 1 ) *-( ( ( ( T E ( [ , J ) * A A ( 6 ) + A A ( 5 ) l * T F ( l , J ) « -
[ A A ( 4 | ) * T r . ( I . J ) t A A ( 3 ) ) * T F ( I , J ) f A A ( 2 ) > * T E ( I , J ) 
/ . i < [ T £ O U T P U T T A P E I 0 , 1 1 3 'J , A A . I I I I 
CU TO 3 
5 L 1 ( 4 ) = 1 (; 
L 1 ( 5 ) = 1 6 
I. 1 ( U ) = 2 
L 1 ( 7 ) = N J 
L I U > = L O C ( t . 1 ( 1 ) ) 
CU t 1 = 1 . 1 6 
L 1 C t ) = L O C ( T l I ( I . 1 ) ) 
L 1 ( 3 ) = LE C ( T r ( I , 1 ) ) 
DO 6 J = 1 , N J 
L 1 I E ) = 0 
X X J = J 
T I ( J ) = A X J # D T I P 
t> T E ! I , J I = G I F ' 1 F ( T I ( J ) , L ! ( 1 ) ) 
CU 7 1 = 1 , 1 t 
[ I I I = N S ( I I 
7 X S E ( I ) = X S ( I I I I ) 
d P I T E O U T P U T T A P E I O , ? C 0 E 
2 u G l F-CPM AT ( 1 rt 1 , 1 f )H I N P U T T A t i L t 1 - , 
I H ' . H F L U I U P R O P E R T I E S / / ) 
2 i . C : F E K W A K 1 H 1 , l b H I N P U T T A B L E 2 - , 
11 E H T E S T I D E N T I F I C A T I O N / / ) 
2 (J 1.3 F I l H K A T I 1 H 1 , 1 6 H I N P U T T A B L E 3 - , 
U E h E X P l w I M F N T A L TE MI 'E R A T UP F S / / 1 
2 (_C4 F E H i / A T I 1 H 1 , I b U l N P U I T A B L E A - , 
1 3 1 H S E N S U P I A L I -)RA T I UN C O E F F I C I E N T S / / ) 
2c c E F t . P " - A T ( 1 H 1 . ] 6 H I NF 'UT T A B L E 5 - , 
I 2 1 H L U f . AT IUN.S OF S E N S O R S / / , 
^ 1 •.. X , U l N U M L l t f>'* 2X , 1 5 H S E N S O P L O C A T I O N / / ) 
H K l T t O U T P U T T A P E 10 . 1 1 AC , ( I , X S E ( I ) , 
I I = 1 , 1 / . ) 
1 1 4 b F O P M A T I l P X , . ! 5 , E l b . L I 
1 I. 0 C. I NT I NUE 
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U I M t N S I U ^ T T ( 1 0 M . 1 M 1 0 0 1 . V ( l & O ) . Y K 1 1 0 I ) . X S H l o l , T R ( K r ( . L ' l f l K \~-,/^ \ /( ^ 
L 1 I 2 ) = L O C ( T T ( 1 ) ) 
L 1 I J ) = L ( J C ( P ( 1 ) ) 
L 1 ( 4 ) = 1 
L 1 ( £ ) = 1 
L l l t | = ! 
L 1 I 7 ) = N T R L 1 
L ? l l ) = L G C ( L i ( l l ) 
L 2 ( ? > =L 1 ( L ) 
L ? ( ? ) = L C C ( C F ' ( 1 I I 
L J ( 4 ) = 1 
L 2 ( 5 > = 1 
L 2 ( e ) = i 
L i ( 7 ) = f \ T U L 1 
N J J = l\ J *• 1 
DO C2 I = 1 , 1 ft 
6 2 T C I I , •' J J ) = T V 0 
T I ! N J J ) = 0 . 
DO B I = 1 , N J J 
L-r; e l [ 1 1 = 1 , 1 6 
8 1 A ( I [ I ) = T E ( [ l l , I ) - T V C 
[ ) T ' . ( 1 ) = A R L A ( X 5 E - , A . 1 6 , 0 . . X L L ) / X L L 
T U ( I ) = T V C. • 1) 7 £" ( I ) 
1 . 1 ( 8 ) = , 
L i ( 8 ) - : 
x X I = T H ( I ) 
L )TAP( I ) = ( ( Ol iA + OSA > * T I ( I ) ) / ( ( X L L t O L L ) * * ' * H * G ! R 1 F ( XX I , L 1 ( 1 ) > * G I P 1 F ( XX 
1 I . 1. £ ( 1 ) ) ) 
l-P'< ( I ) = - ( [_, r c ( I ) - D T A P ( [ ) ) * 1 i? c . /D 1"AP( I I 
;>• ( ( I ) : Q H A » ( 1 , 0 - h ( R ( I | / i c r , ) 
I J S L ( I l = Q S A * ( 1 . 0 - f c P R ( I ) / 1 CO . ) 
8 J£>^C ( I ) = J S C ( I ) / ( 2 . G * « * X L L ) 
1G 1 <•(;<•-T I N U C 
OU O I = 1 , N J J 
L 1 ( b ) = 0 
L 1 ( 3 ) = L u C ( f H ( 1 ) ) 
C I ' l = G U l F ( T M ( l ) , L l ( n i 
L 1 ( 8 ) = o 
L 1 ( J ) = L U C ( Y < ( 1 ) ] 
Y K l = G I P l F ( T i , ( I ) , L l ( l > ) 
L I ( 8 ) = L 
U I : ) = L r j C l i > » ( l l l 
i j i ; i = f , i ' u r ( T i ( i I , L I ( i ) ) 
L I ( F ) = ; 
L l ( J ) = L O t ( P l . T ( 1 ) | 
r-iLT 1 = ( , I ," I F ( T i l ( I ) , L 1 ( I ) I 
L l ( » ) = . 
L 1 ( ?. > = L U C ( A l . P ( 1 ) ) 
ALP 1 = G [ P I F < Th ( [ > , L 1 ( 1 > > 
L 1 ( 8 ) = 0 
L 1 ( -• ) = L U C ( P ( 1 ) ) 
> 1 = 1 . I P I F ( T n ( I > , L 1 ( 1 > ) 
L l ' >< > = : 
L 1 ( .. ) =L r K ( V ( 1 ) ) 
v l - u l u l M T l M I ) , L 1 ( 1 ) ) 
.< 1 1 = I r v - •(. . . * * . 2 ) * ( < ( H 8 T l * O l ; s r ( I ) * ( G / Y K 1 ) * S 0 P T F ( A L P 1 ) ) / 
1 ( P " 1 *• . 8 ) ) * * . 4 ) 
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1 , - I M L N S I U N T T ( 1 0 t ) . P ( I d O ) . V ( I C O ) , V K ( 1 ' 1 G | , X S F ( 1 6 I . T H ( K 0 ) . L ? ( 8 ) , 1 V ^ I / 6 6 
C= 5 . U M ( G*3 IE T l * O O S C < I ) * ( P R 1 * * . S 3 3 3 3 3 3 3 > I / ( P ! * C P 1 • ( V 1 * * . ? ! * ( 1 . 3 " + 
1 I P K l * * . f c o 6 t . b 6 6 o ) ) ) > * * . 3 b 7 1 4 2 H 6 
L)L = ( J b O . 0 * * . 2 > * S Q K T F ( A L P 1 ) * < ( ( B E T 1 * Q D S C ( I ) 
1 # ( G / Y K 1 l * S J r ' T F ( A L P l ) > / ( P R 1 4 . 8 ) ) * * < - . 2 ) 1 
D T = . 5 1 2 * ( V 1 * * . 2 ) * ( P P 1 * * < - . 5 3 3 3 3 3 3 3 3 3 ) ) * ( C * * { - . ? ! ) ) 
THL = ( Q D S C ( I ) / ( 2 . C * Y K 1 ) ) * ( 3 6 0 . 0 * * . 2 > * S O R T F ( 
1 ALI' 1 ) * ( ( ( lit: Tl *0(>SC ( 1 > * ( G/VK1 ) *SOHTF ( ALPl ) ) 
2 / ( F W 1 4- . 8 ) )•*(-.2 > ) 
THT=37.7*OOSC(l)*(PRl**.533 333 3 3)*(C** 
1 ( - . 8 ) > / ( P l * C P l * ( V l * * . 2 ) ) 
X N 7 R = G * U E T l * T H T / ( V I * V I ) 
Y N T P = G * n r T 1 * O O S C ( I ) / ( V l * V l * Y K l ) 
W K l T b U U T P U T T A P F I t l . l O o d . T I ( I I 
no l'~ K = l . i o 
X K K. = 1 1 - K 
X = X K K * X L L f 0 • 1 
X I = U 1 L * ( X * * . 6 1 
X i s t * ( X t * . l ? H b 7 U 3 l 
X 3 = DL * ( X * * . £ ) 
X H - L ) T * ( X t * . 7 1 ' ( 2 R ? 7 1 ) 
X ' J S T H L * ( X * * . 2 ) 
X ( : - - T H T w ( X « * ( - . l l 2 r i i 7 U ) ) 
x 7 = X N T w * ( X * « 2 . 8 5 7 1 4 2 ^ ) 
x e - Y N T P * ( x * * 4 . 0 ) 
X M I = X . < K , / K . C 
L I I N r i P \ U F 
J h ' I T l ( : U | l ' U l T A P F I n , 1 0 70 . XKK , X , X 1 , X2 , X3 . Kt , X 5 , X h , X 7 , yn 
V ' j ' . M A I ( f}H I T Ai : L F 1 / / 1 X . 7 H T I M F = , F B , 1 / 1 4 X , 1 H « ,<HX , 
1 ' H U I t . . 7X , 3 H U 1 T , r,X , ( > H | ) F L T A L . 4 X , 6 H D L L T A T , 4 X . 
f. i IT H|_7 AL . 4 X , i. HTHE T A T , ft X , 3 M N G P , ft X . 4 H N G H 1 / 1 4 X , ? H F T , 
j 7 x , 6 H F T / S t L , 4 A , ( - > H F T / S F C , 3 X , ? H F T , 0 X , 2 H F T , 
H ( ' < . l h r , V X . I H F I 
F : i i V A T ( F 3 . 1 . 21-ILL . 3 X , 7 F i , . . t. , 2 F ! 0 . 4 ) 
- - . I ' l l t O u T P L ' T T A P E 10 , l ' ' S ' . . O T r ( I ) , T ' J t I ) , n T A P ( I > . O B C ( I ) , O S C ( I ) .CJ " )5C( 
1 1 ) . F . - ' l ? ( I ) 
r U r ^ - i AT ( / / / 7 H f l T f = , f 1 4 . 7 , F X , 5 H T 3 = , F | 4 . 7 , 
1 e X , ' H I ; T A = , F H . 7 , f ; X , 6 H 0 H C = . r 1 4 . 7 / 
? 7 H ', >C = , f F I , 7 , 5 X , 7 H ( J D S C = i F 1 f , 7 , J X , M i r p b r i K = , F 1 4 . 7 ) 
N J J J = N J - 1 
x T - T V'. « i) T L ( N J ) / 2 . •".-
) i . )^ ( 2 ' - 7 ) =U 1 r ( N J ) 
L 1 ( 2 ) " L O ( ( T T ( 1 ) ) 
L 1 ( 4 ) = l 
L 1 ( I ) = 1 
L l ( t ) = l 
I 1 ( 7 ) - N T " L 1 
L 1 I f - ) - . 
L ! [ ? I - I L . ( | ' 1 K ) 
f I T l r - O l W I - ( X T , L 1 ( 1 ) ) 
L l l « l - - ( 
L i I : ) = L ' K ; ( P I ; ) 
• ' - 1 -- ' . I F I F ( XT . L 1 ( 1 ) ) 
L 1 ( •• ) = ; 
I 1 ( 3 ) - I , C ( V ) 
V 1 ; I " \<- \ XT , L 1 ( 1 ) ! 
L 1 ( ' . : ) = •. 
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U I M t N b l O h T T ( 1 0 C ) , P ( 1 0 0 ) , V ( 1 0 Q ) . Y K ( 1 0 C ) . X S E ( 1 6 ) , T H ( 1 0 0 ) , L 2 ( R ) , 1 3 / 1 1 / 6 6 
L 1 ( 3 ) = L U C ( C P ) 
Ci> 1 = G 1 R 1 F ( X T , L 1 ( 1 ) ) 
L i ( e ) = o 
L1(3)=LCC(P) 
P I =G [ R I F ( XT , L 1 ( 1 > ) 
L 1 ( 8 ) = C 
L l [ j ) = L O C ( A L P ) 
A L P 1 =G I R I F ( XT , L 1 ( 1 ) ) 
U = Q D S C C N J ) 
U u = U 0 C ( N J ) 
Ub = OSC ( N J ) 
X K 2 = . 9 6 0 * ( V 1 * * . 2 ) * ( P R I * » ( - . 5 3 3 3 3 3 3 3 ) ) • ( ( ( 
1 G * H E. T l * U * < M H l * * . 5 3 3 3 3 3 3 3 ) I / ( P 1 * C P 1 * ( V I • • . 2 ) + 
r;( J . 3 C * ( P M l * * . o 6 6 6 6 f i ' j 6 ) ) ) ) * * . 2 8 5 7 1 ' i 2 Q | / H 
L 1 ( 2 ) = L O C ( T E ( l . N J l ) 
L 1 ( 3 ) = L O C ( X S t ( 1 ) I 
L 1 ( 7 ) = l o 
L 1 ( 8 ) = C 
X = o l R l F ( . 7 5 * T F ( l , N J ) « - . 2 £ « T F ( l < " ) . N J ) . L I ( l ) l 
XL I = X L L - X 
X K t = ( ( ( T E ( l , N J ) - T v n ) * w * M » P l * C P l * ( X L L 4 - O L L - X L [ ) ) / ( ( T I ( N J ) « -
1 t 1 . G / ( R * X K 2 ) ) #1 .0 GF ( 1 . 0 - X L I / l X L H - O L L ) ) ) * Q S ) > - Q f l / O S 
X K L = . 1 5 
X L L P = X L L 
KK 1 = - ( u ' r / O n ) * L O G F ( 1 . 0 - ( 1 . f - X L I / X L L P ) * * 1 . U 2 3 5 7 1 1 
XK 1 = . 1 
X K . 1 = A L S M X K 1 ) 
l f- ( OO M 1 0 . 1 1 1 . 1 1 0 
\ A 1 I I - N A ( 1 ) 
Gil U ) ( 1 2C , 1 2 5 . U ' h ) ,NA 1 [ I 
C A L L f I N I ' « ( £ X K , F , N I T T D I 
GO TO 1 2 0 
C A L L v I N I M ( t X K , F , N I T T l 
C.J T U ( 1 2 0 , 1 c 5 , 1 2 5 ) . N A [ I I 
>:NLI F I I •-_ I P P 
I M ' : F I L L I P P 
R t « 1 N D I P P 
( A L L HKK.OUT ( 1 . 4 H P L 0 T , I P P ) 
CL T f l 9 9 9 9 
H O = C . 
X K 1 = C . 
C = ( ( G * O f T t * Ci*< ^ R 1 * * . 5 3 3 3 3 3 3 3 > / ( P I * C P 1 * ( V I * * . ? > ) ) 
1 •) * . c 8 -S 7 1 4 2 8 ) * ( V 1 * * . 2 ) * ( ra" 1 * * ( - . 5 3 3 3 3 3 3 3 ) ) * 
c ( 1. . 9 t • / ( ( 3 . 3 0 • ( P R 1 * * • 1 6 f-. t-1 T> 6 6 ) ) * * . 2 8 5 7 1 A 2 8 ) ) / H 
DU 1 1 2 I = 1 , N J 
S U M I l = X L L » ( l . J - 1 . ( ) / ( ( C * ( X L L * * . l ! l ? B 5 7 H | t T I ( I l / 7 , ^ M . ' : 1 » * 7 ) I 
3 U M ( I ••• 1 CO > = TV'. ' 
i ) U V ( I t , 3 ( ) = ( T r ( I f . I I - T V L I / K I F ( 1 6 , 1 ) - T V r ) - ? . 0 * Q O S C ( I | M L L * T [ ( I ) / ( 
I en*;- U C P 1 r ; i u v ( I ) ) ) - 1 , f 
\ A I I I = M A ( 1 ) 
Gi: T O I 1 I f c . l l S i l l I ) . N A I I I 
C A L L K | M » l ( E X < , F , M T n 
C A L L V I N I ^ 2 4 F X K , F , M T T ) 
CL TO 1 2 0 
C A L L M M M I I F K K . F . M T T ) 
I F ( NA< 3 ) - 1 ) 1 1 2 , 9 9 9 9 . 1 1 2 
D l f / E N S I U N T T ( 1 0 f j ) . P ( i r O ) . V ( l C O I , Y K ( l ( l ' " O f X S E ( l f i ) i T 8 ( ] ' , C ) , L 2 | f l ) , ! 7 / " l / ^ S 
f- N 0 ( 1 , y. , t• , C , 0 , C , 1 , C , (/ , 1 , C . 0 , 0 , 0 , 0 ) 
I l l 
3LPPFJUT INL n IPC < XKO . XK I ) 11/0 1/66 
= Uf• P O U T I N C U I K I X K O i X K I ) 
[) i ML N S I U N X S F ( 16 ) , S I G M A ( 1 6 ) . Tfc ( 1 6 , 1 0 0 ) . S [ G M A X ( 1 O n ) , T I ( 1 0 C ) . N A ( H > , 
I T U lfc.ICO) ,XL(K.(-),TV(Un ) ,XN(100),L1(8|,BETMOO),TX(1C'M.P(1?<'M, 
dv ( i co ) . YK< i u ) I C P ( i oo ) . P P ( i re,) . A L P ( i oo ) ,o:e ( ico ) . oosec 1 oo i 
COMMON XLL.XK1 , OH . OS , XKO , N J , D T IP , H, T VO . XK2 , 
1P1 .CP1 .DLL.W.TE.XSP.SIGMAX.NA ,TT,TI , X L I T V I X N I N T H L 1 , L 1 .HFT.TX.P, 
2V,YK,CP.PP.ALP,0TF,G.Q,W.H,0DSC,HH 
CALL TAPtiia.lN.IOl 
KKKK = 0 
NOPT =NUPT 
I F ( N A < 4 ) - 2 ) 1 2 . 1 2 , 1 3 
1 2 * k I T F O U T P U T T A P t " 1 0 , 1 0 1 ' . " . 
1 C 1 0 F O P M A T ( 2 2 H 1 I) I F F . F O U A T I O N V A L U F S / / 1 3 X , I H T , 1 3 X , 1 H L , 1 2 X , ? H i V , 
1 9X , b H D L / D T , J'X , b H O T V / D T / / ) 
1 J SUM = L . 
L 1 ( 1 ) = L U C ( L 1 ( 1 ) I 
L U 2 ) = L O C ( T X ( l l ) 
L l ( 1 ) = l 
L 1 ( t ) = 1 
L ) ( 6 ) = 1 
L 1 ( 7 ) = N T t < L 1 
X I = T VC.-+ K M W 1 / ? . G 
L L ( P. ) = G 
L 1 ( 3 ) = L O C ( L I U ) 
; f T l = t l H l i ( X T , L l ( 1 ) 1 
L l ( l ' ) = ( 
L 1 < 3 ) = L C C < P P ) 
P P 1 = 1 . I R 1 F ( X T , L 1 M ) ) 
L 1 ( fc > = C 
L 1 ( / | = L Q C ( V ) 
VI = G I H ! F ( X T , L 1 ( 1 ) ) 
L 1 ( S > = C 
I 1 ( 3 ) = L G C ( C P ) 
L H l =G I P I F ( XT , L 1 ( 1 ) ) 
L 1 ( I- ) = 0 
L 1 ( 3 ) = L O C ( P ) 
P I =G I P I F ( X T , L 1 ( 1 ) ) 
L 1 ( P ) = 0 
L 1 ( 3 ) = L I ) C ( A L P ) 
A L P 1 = G I P IF ( XT , L 1 ( 1 ) ) 
( - F . <~. * ( ( G * > j £ T l * 0 * ( P P l * * . 5 3 3 3 3 3 3 3 ) ) / ( P l * C P l * ( V l * * . 2 > * C . 7 r * . 
1 ( I T . 1 * * . 6 1 ' j 6 F. (> 6 6 ) ) ) ) * * . 3 S 7 1 .1 ? fj ft 
PT = . b l 2 * ( V l * * . 2 ) < M P W . l * * ( - L . F 3 3 3 3 3 3 3 ) ) < ' < C * * ( - . ? ) ) 
X L L P = X L L 
F - i ' T t ( X L L F ' * * . 71 ^ 2 3 ^ 7 1 ) 
i , l - C * ( X L L M » < . . « l ' ' t
> 5 7 | 4 . M 
L;N = . i r 3 9 0 * ( l . L - F X P F ( - X K l * O P / O S ) ) * U l * D / ( l - t / 2 . ; - n i 
x N (<:• e ) = u v 
T ^ = T I ( N J J 
X = •'_ . 
Y - T V 0 
M- f ' .M? L I G H T 1 
112 
> U M I < O U T I N L n i r c i x K S . x K i i i 3 / r i / i s f . 
x x - X L L P - X 
i r i K L - K K ) : . ! , 5 2 , 5 2 
5 1 xT = Y 
L 1 1 B ) = C 
L i ( J ) = L a c ( H e T I 
: I L T 1 = C 1 H 1 F ( X T , L I ( 1 ) ) 
L 1 ( e ) =C 
L l C M = L G t ( P H 
P h i = O I a 1 F ( X T , L 1 ( 1 ) ) 
L 1 ( B ) = C 
L 1 ( 3 ) = L O C ( M ) 
V I - G I K 1 F I X T . L 1 ( 1 ) ) 
L 1 ( H ) = C 
L 1 ( J ) =LOC ( C.P ) 
C P 1 = G l K l F ( X T , L l ( l ) ) 
L 1 ( 8 ) =''. 
L 1 ( J ) = L U C ( P ) 
P I = G I f i l F ( x r , L ! ( I I ) 
L 1 ( f I =C 
L. I ( o ) = LIJC ( A L P ) 
A L J ' 1 = (-. [IV I F ( XT . L 1 ( 1 ) ) 
C = *S» 0 * ( i ( , * . i H l * D * ( P r t l * t . c 3 3 . U 3 . ) 3 ) ) / ( P l * C P U ( V l * * . ? ) « n . i r * 
1 ( P |. 1 # * . fc • , o -• 6 . , 6 6 > ) ) ) * » . 3 ' j 7 H 2 8 h 
i - T - . 5 1 2 * ( V 1 * * • ?. ) * ( P ^ 1 * * ( - • . S 3 3 * 3 i• i J ) ) * ( C * * ( - . ? ) ) 
KL = M t 1 
' J 2 I • •= I i T * ( X x X- * . 7 1 « ,i 8 5 7 1 ) 
i j l - - ( . * ! X X t * . < * 2 P i : > 7 ] i j ) 
i / * - * ?. ••<; •:. * u i * o / < H / ? . '• - n ) - uw 
L 1 Y - | , J I ' + X K , )* JS ) / ( w « H * P 1 * e n 1 * ( XL.L « - 0 L L - X> ] 
1 = I islOV^F ( T , HH ) 
Y s i P M V ^ h ( Y . I ) Y ) 
Z X= ' . ' N V 2 r ( X , I ) K ) 
» K K < = X M u f ) l ( K X K K M , ' ; ! ) 
:,<, " : SUC +i) X t Y t H H 
i r ( N A < it ) - ? ) i u , i.. L , i i 
1 C ' I F ( < K. H K - c . ) 1 1 , 1 <~ 1 , 1 1 
I i. 1 K K < < = •_ 
K ! , . x l T t U U T P U 1 TAPE I .J , 1 'i''.C • T , X , Y , D X , D Y 
I I 1 T ( T - T I ( K < ) )ar3 , ."5 , J! 
3 X L ( K K ) = X 
T V ( KK ) =Y 
X M U « . l = | T r . | 1 > . , KK. ) - T V ( K. K ) ) / ( T F ( l h , , KK ) - 2 , r * X L L P * ( 1 , - X < r ) * 
I ; , l " C U K ] * 1 I ( < K ) / 
1 t H*l-» 1 * C P I * XI ( <K ) ) - ( 1 . . ' : /XL ( KK ) ) * S U M ) - 1 . i 
K < - -; K * i 
i t i •" ( T - T M ) i , - , , ?. 
S FM t I = 1 , N J 
T = T 1 ( I ) 
Y = A L L - XL ( I ) 
0 ) 7 J= 1 , 1 t 
I F ( X S h ( J > - Y ) 7 , 7 , 8 
7 r ' . • ! I NUF. 
9 " > - J 
L i ; ' J = 1 . -',J 
I T I J . r ) = T V ( 1 ) 
Y Y = T V ( I ) - T l. ( J , 1 I 
113 
-.U.-i l . 'OUT I N L n | F C ( X K C , X K l ) ]~i/'~\/h^ 
V 1: i b M A t J > = YY * Y Y 
": w ' • ' > J - MM , 1 h 
t t = X 3F ( J ) • X L ( I ) - X L L 
YY = T F ( 1 fa, I ) - ( TH { 1 c . I ) - T V ( I ) ) * ( t I . 0 - f c C / X L < I > > * * X N ( I ) ) 
I f f j - l t ) 7 u . 7 5 , 7 5 
7 b Y Y ~T F ( 1 fa , I I 
7 6 TT ( J , 1 ) = Y Y 
YY = Y Y - T F ( J , I > 
35 S I ( . " * A ( J ) = Y Y f Y Y 
b F> 1 ̂ .-v.Ax ( I ) = S i ) i H F ( A » F A ( xSF. , F I G M A , I s , ; . . X L L I / X L L ) 
XN I 1 Oi. ) = X L 1 
Z I I- C = 1 . 
r \ ort i = l , N j 
& - * t r f c = / r P C + s i ; ,JI A x ( i i v s i.-, M A x < i ) 
X N J = N J 
/ 1 I- C = / I F f.. / X IV J 
l u i , I -••'MAT | 5 C I « . 7 ) 
I'J f F ' L = !> f }KTh ( Z I F C ) 
-•f: r u O N 
!• N l : ( 1 . ; , i , , ( , , , 0 , 1 , "' , ' I , 1 , • , •' , ( , l • , 1 ) 
APPENDIX D 
BOUNDARY LAYER DIFFUSION ANALYSIS COMPUTER PROGRAM 
In the diffusion analysis presented in Chapter IV a computer pro-
gram is required to correlate the test results with the analysis. This 
program, described here, makes the following operations: 
1. Computation of a complete table of experimental values of 
0 as a function of time and position, using parabolic interpolation 
between the data points taken. 
2. Computation of a difference table for 0 as a function of 
time and position. 
3. Computation of K (x) at different times from Equation (10) 
using the results of 1 and 2 above together with a numerical integration 
technique. 
4. Computation of the coefficients C in Equation (55) for 0, 
2 





H - 1 
used as the argument. 
5. Computation of the predicted values of 0 as a function of 
position and time. 
6. Computation of K (x) corresponding to the C 's and comparison 
with the time average K (x) obtained in 3 above. 
7. Check on the computed values of K (x) from 6 by use of 
Equation (10). 

































































INTERPOLATION TABLE FOR THETA 
DIMENSION X1(45),T1(7,5),TH1(7,5),TH(60,21),THP(60,20),X11145>, 
1UBDK7) ,UBD(43) ,XBD1 1 7 ) , XBD ( 43 ) , ST ( 60 ] , S THP ( 60 ) , XK ( 19 I , XX I 1 9 ), 
2FX(19J,X{70J,FX1(30),CU19),CAL(19),ERR(70),FX2(70) 
DIMENSION BASIS(19,70) ,T217,10),TH2(7,10I ,X2(10 1 
DIMENSION Z X U 9 ) 
DOUBLE PRECISION BASIS,CI 
DOUBLE PRECISION ZZZ.XXX 
EQUIVALENCE 1T1 I 1, 1 ), T2(1,6)),(TH1(1,1),TH2(1,6))f(X1( 1),X2(6) ) 
READ!5,100)(X2(J),J=l,10) 











DO 1510 11=1,19 
DO 1510 J = l ,10 
00 15 10 (=1,7 
K=(J-l ]»7.*I 
1510 8AS!MII,K) = (X2U)»EXP(-.5/X2tJ)»»2))»»II»(EXP(T2U,J)»HK2»m-l 
l/tI*CQN 
DO 1520 J=l,10 
DO 1520 1=1,7 
K-t J—I|*7.*I 
1520 FX2(K)=TH2I I ,J) 
DO 34 J = l,5 
N = 0 
JJ=5»(J-l1*1 
DO 34 1=1,5 
|F( THK 1*1, J M 15,15,20 
A*Q, 
B = 0. 
00. 








N = 60 
GO TU 29 
N=T1( 1*1 , J)/10. 











DO 60 1 = 1 ,N 
I 1=0 
00 60 J=L,11,5 






























































I F ( T H ( I , J * 5 ) ) 4 5 , 3 5 , 4 5 
A * 0 . 
B*=0. 
GO TO 56 
Z L M T H f t V J ) - T H ( I , J * 5 ) ) / ( X l ( [ I I - X K 1 1 * 1 1 J 
J 2 » l T H U t J ) - T H ( I , J * 1 0 ) ) / ( X l < I I ) - X l ( I 1 * 2 ) ) 
A * ( Z l - Z 2 > / t X H I 1*1 > - X l ( 1 1 * 2 ) ) 
B - Z 1 - A M X 1 ( I I ) * X K 1 1 * 1 ) ) 
C - I H I J , J ) - A » X 1 ( I J ) » » 2 - B » X 1 ( I [ ) 
I F l J l - 1 7 ) 5 6 , 5 5 , 5 6 
X K 1 * X 1 ( 1 1 * 1 ) 
GO TO 5 7 
J 1 = J * 1 
J 2 = J * 4 
X K 1 - X K 1 I ) 
DO 59 K - J l , J 2 
X K 1 « X K 1 * . 1 
T H I l , K ) * A » X K l » * 2 * R * X K l * C 
I F t T H ( I , K ) ) 5 8 , 5 9 , 5 9 
T H ( I , K ) * 0 , 
CONTINUE 
[ F U 1 - 1 2 1 6 0 , 6 1 , 6 0 
J l = 17 
J 2 * 2 1 
GO TO 4 5 
J 1 = 0 
J 1 * 0 
DO 65 1=2,21 
XI( I)=X1 (1-1 ) * . 1 
WRITE(6, 101 ) (XI([), 1=1 ,11) 
FORMAT! 1H147X24HINTERPOLATED THETA TABLE 
1//1H05HX = 4X11F10.1/) 
DO 70 1*1,N 
T=I * 1 0 
WFUTEf6,102)T,(TH([,J),J = l,ll) 
FORMAT! 1H F9.0,1 IF 10.3) 
WRITE(6,101 ft XI (M ,1=12,21) 
DO 80 1=1,N 
T=I»10 
WRITE(6,102) T,(TH( I , J) , J= 12 ,2 1 ) 
CALCULATION OF DIFFERENCES FOR THETA TABLE AT CONSTANT T 
DO 110 J=2,20 
DO 110 1=1,N 
THP(I,J)=!TH(I,J*l)-TH(I,J-l))/.2 
WRI TE(6,103)(XI(I),1=2,11) 
FORMAT! 1H151X16HDIFFERENCE TABLE// IH05HX = 4X10F10.1/1 
DO 108 1=1,N 
T=I«10 
WRITE(6,102)T,(THP(I,J),J=2,11) 
WRITE(6, 103) (XI(I) , 1=12,20) 
DO 109 1=1,N 
T= I * 1 0 
W R I T E ! 6 , 1 0 2 ) T , ( T H P ( I , J ) , J = 1 2 , 2 0 ) 
R E A D ! 5 , 1 0 6 ) (XBD1 ( I ) , 1 = 1 , 7 ) 
R E A D ! 5 , 1 0 6 ) CJBD1 ( I ) , 1 = 1 , 7 ) 
F O R M A T ( 7 F 1 0 . 0 ) 
Z 1 = ( U B D 1 ( 1 ) - U B D 1 ! 2 ) ) / ! X B D 1 ( 1 ) - X B D 1 ( 2 ) ) 
Z 2 = ( U R D 1 ( 1 ) - U B D 1 ( 3 ) ) / ( X B D 1 ( 1 ) - X B D 1 ( 3 ) ) 
A = ( Z 1 - Z 2 ) / ( X B D 1 ( 2 ) - X B D 1 ( 3 ) ) 
B = Z 1 - A * ( X B D 1 ( 1 ) * X B D 1 ( 2 ) ) 
5 . 0 116 C = U B D 1 ( 1 ) - A » X B D 1 ( 1 ) » « 2 - B « X B D l ( i ) 
S . 0 1 1 7 DO 120 1 * 1 , 1 3 
S . 0 1 1 8 XBO( i ) = i i - n / i o . 
S . 0 L 1 9 120 U B D < I ) * A » X 8 D J I ) « » 2 * B » X B D ( I ) * C 
S . 0 1 2 0 A = ( U B D 1 ( 3 ) - U B D U 4 ) ) / ( XBD1 ( 3 ) - X B D 1 ( 4 ) ) 
S . 0 1 2 1 B = U B D 1 I 3 ) - A » X B D l ( 3 ) 
S . 0 1 2 2 DO 130 1 = 1 4 , 2 5 
S . 0 1 2 3 XBD( I ) = ( I - D / 1 0 . 
S . 0 1 2 4 130 U B D ( I ) = A » X B D ( I >*B 
S . 0 1 2 5 DO 140 1 = 4 , 5 
S . 0 1 2 6 Z1 = ( U B 0 1 ( I ) -UBD U 1 * 1 ) ) / ( X B D H I J - X B D K 1 * 1 ) ] 
S . 0 1 2 7 Z 2 M U B D K [ ) - U B D l ( 1 * 2 ) 1 / I X B D 1 ( I ) - X B D K 1 * 2 ) ) 
S . 0 1 2 8 A = ( Z 1 - Z 2 ) / ( X B D 1 U * 1 ) - X B D 1 ( I * 2 ) ) 
S . 0 1 2 9 B = Z 1 - A » ( X B 0 1 ( I ) * X B D 1 ( 1 * 1 ) ) 
S . 0 130 C = U B D i m - A » X B D l l I ) » » 2 - B » X B D l l I ) 
S . 0 1 3 1 I F ( 1 - 4 ) 1 3 2 , 1 3 1 , 1 3 2 
S . 0 1 3 2 131 J2 = 31 
S . 0 1 3 3 J l = 26 
S . 0 1 3 4 GO TO 133 
S . 0 1 3 5 132 J 2 = 4 3 
':,. 0 1 36 J l = 32 
S . 0 1 3 7 133 DO 140 J = J 1 , J 2 
S . 0 1 3 8 X B D ( J ) = ( J - 1 ) / 1 0 . 
S . 0 1 3 9 140 U B D ( J ) = A » X B D ( J ) » * 2 * B « X B D ( J ) * C 
S . 0 1 4 0 W R I T E ( 6 , 1 0 4 ) ( X B D ( r ) , U B D ( I ) , I = l , J 2 ) 
S . 0 1 4 1 104 FORMAT! 1H151X16HTABLE FOR U B D ( X ) / 1 H 0 3 5 X I H X 1 8 X 3 H U B D / / ( I H 30X F 1 0 , 
1 1 0 X F 1 0 . 6 ) ) 
. 3 , 
S . 0 1 4 2 NP1=70 
S . 0 1 4 3 Q = . 12 
5 . 0 1 4 4 H = 2 . 
S . 0 1 4 5 P = 6 2 . 4 
S . 0 1 4 6 C = l . 
S . 0 1 4 7 C I 1 = 2 . » Q / ( H « ? « C ) 
S . 0 1 4 8 C 2 = 2 . / H 
S . 0 1 4 9 C I P = 1 . / C 1 1 
S . 0 1 5 0 C 2 P = - C 2 / C l l 
S . 0 1 5 1 Z K = . 0 0 1 1 4 
S . 0 1 5 2 H K 2 = 2 . « Z K / H 
S . 0 1 5 3 C O N = Q / ( P » C » Z K ) 
S . 0 1 5 4 NP = 19 
S . 0 1 5 5 DO 141 I = 1 , N P 
S . 0 1 5 6 L41 F X ( I ) = 0 . 
S . 0 1 5 7 DO 142 1 = 1 , 6 
S . 0 1 5 8 X( I ) = ( 1 - 1 ) » . 5 
S . 0 1 5 9 ZX( I ) = X | I ) 
S . 0 1 6 0 142 X K ( 1 ) = 0 . 
S . 0 1 6 1 DO 143 K = l , 6 0 
S . 0 1 6 2 L43 S T ( K ) = 10»K 
S . 0 1 6 3 DO 144 1 = 7 , N P 
S .0 164 XI I ) = X 1 ( ( - 1 ) 
S . 0 1 6 5 144 Z X ( 1 ) = X ( [ ) 
S . 0 1 6 6 DO 170 J T = 3 0 , 6 0 
S . 0 1 6 7 DO 160 1 = 7 , N P 
S . 0 1 6 8 DO 155 K = l , JT 
S . 0 1 6 9 155 S T H P ( K ) = T H P ( K , 1 - 1 ) 
S . 0 1 7 0 X K ( I ) = ( C 1 P » T H ( J T , I - 1 ) * C 2 P « U B D ( I * 2 4 ) » S [ N T I S T H P , S T , J T ) ) / ( 1 0 . » J T ) 
S . 0 1 7 1 L60 FX( I ) = X K ( I ) * F X ( I ) 
S . 0 1 7 2 T= J T » 1 0 
S . 0 1 7 3 170 WRITE ( 6 , 1 0 0 7 ) T , ( X ( I ) , X K ( I ) , I = 1 , N P ) 
S . 0 1 7 4 DO 180 1 = 1 , N P 
S . 0 1 7 5 180 FX( I ) = F X ( [ ) / 3 1 . 
S.0176 IN = 5 
S.0177 I0T = 6 
S.0178 XX(1)=0. 
S.0179 DO 300 [=2,NP 
S.O1B0 300 XX(I)=X(I)»EXP(-.5/X(I)*«2) 
S.0181 DO 310 J=l,44 
S.0182 Xl( J)=J/10. 
S.0183 310 Xll(J)=Xl(J)»EXP(-.5/Xl(J)»»2) 
S.0184 185 DO 190 N=10,19 
S.0185 N1*N 
S.0186 WRITE(6,1006) N 
S.0187 CALL LSQFITtFX2,N,NPl,CI,BASIS) 
S.0188 WRITE(IOT,2000)(CI(I),1=1,Ml) 
S.0189 RMS=0. 
S.0190 DO 332 K=i,NPl 
S.0191 X(K)=0. 
S.0192 DO 3 31 I = 1 , N 
S.0193 331 X(K)=Cl ( I)«BASIS(I,K)*X(K) 
S.0194 ERR(K)=FX2(K)-XIK) 







S.0202 DO 8 1=2,NP 
S.0203 X(I)=0. 
S.0204 DO 7 J=1,N1 
S.0205 7 X[ I } = X( I )*CM J)» XX( I )»*J 
S-0206 ERRi I )=FX( I )-X(I ) 
S-0207 8 RMS=ERR(I)»«2+RMS 
S.0208 RMS=SORT(RMS/NP) 
S.0209 WRITE(6,2004) (FX(K).X(K) ,ERR(K),K=1,NP) 
S.0210 WRITE(6,1001) RMS 
S.0211 RMS=0. 
S.0212 DO 360 LK=1,44,11 
S.0213 K10=LK*10 
S.0214 WRITE(6,101)(X1([[),II=LK,K10) 
S.0215 DO 360 LI = 1 ,60 
S.0216 T=10»LI 
S.0217 EXT=EXPIHK2»T) 
S.0218 DQ 350 LJ=LK,K10 
S.0219 THP(LJ,1)=0. 
S.0220 DO 340 NI=1,N1 
S.0221 340 THPILJ,1)=C11NI)»X11(LJ)*«NI»(EXT»»NI-1.)/NI *THP(LJ,1) 
S.0222 THP1LJ,1)=C0N»THP(LJ,1) 
S.0223 IF(LJ-25)345,347,347 
S.0224 345 RMS=THP(LJ,I)»«2*RMS 
S.0225 GO TO 350 
S.0226 347 RMS=RMS*(THP(LJ,l)-TH(LI,LJ-24))»»2 
S.0227 IF(THP(LJ,1))349,349,348 
S.0228 348 TH1LI ,LJ-24)=THP(LJ,1 ) 
S.0229 GO TO 350 
S.0230 349 TH(LI,LJ-24)=0. 
S.0231 350 CONTINUE 
S.0232 360 WRITE(6,102)T,(THP(JJ,1),JJ=LK,K10) 
S.0233 RMS=SORT(RMS/(60-»44.)) 
S.0234 WRI TE (6, 100DRMS 
S.0235 DO 82 J=2,20 
S.0236 DO 82 1=1,60 
12( 
5.0237 82 THPl I , J)*(THl I, JU)-TH(I ,J-i) I/.2 
5.0238 DO 89 JT«30,60 
5.0239 DO 88 l«7,NP 
5.0240 DO 87 K«1,JT 
5.0241 87 STHPIK)«THPIK,I-1) 
S.0 242 88 XK(I}*<CIP»TH(JTfI-l>*C2P«UBD<I*24)«SI NT«STHP,ST,JT))/<lO.'JT) 
5.0243 T*JT»10 
5.0244 89 WRITE16,1007JT,(ZXU ) ,XK(II ,1-1,NP| 
5.0245 WRITE16, 1005) 
5.0246 1005 FORMAT128H1ADDITIONAI VALUES FOR KOI X ) / IHO 10X IHX 18X2HK0 I 
5.0247 XXX-4.2 
5.0248 DO 1600 1*1,50 
5.0249 ZZZ-O. 
5.0250 XXX*XXX*.l 
5.0251 DO 1500 J-l,Nl 
5.0252 1500 ZZZ-ZZZ*C1(J)•<XXX«DEXP1-.5/XXX»«2))»»J 
S-0253 1600 WRITE16,1004) XXX,ZZZ 
S.0250 1004 FORMATlIH02F20.8) 
5.0255 190 CONTINUE 
5.0256 1001 FORMATl 6H0RMS »F10.6) 
5.0257 1002 FORMATl 27H0P0INTS COMPUTED FROM POLY./IHOI5XIHX18X5HK0tX)/ 
1(10XF10.3,10XF10.6)) 
5.0258 1003 FORMATl16H1CHECK FOR KO(X)/1H010X5HK0(X),15X3HCAL18X3HERR) 
5.0259 1006 FORMATl 27H1LEAST SQUARES FIT OF 0RDERI3) 
5.0260 1007 F0RMATI//39H1TABULATED VALUES FOR KO OF X AT TIME -F4.0/ 
11H015X1HX18X5HK0(X)/110XF10.3,10XF10.6) ) 
5.0261 2000 FORMATl13H0C0EFFICIENTS/( 6F16.7)) 
5.0262 2002 FORMAT I8X1HX13X4HF(X)5X10HCALCULATED6X5HERR0R/I 4F14.5)] 
5.0263 2003 FORMATl 1H010X2HFXI7X4HCOMP16X3HERR/(3F20.6)) 
5.0264 2004 FORMATl 1H013F20.6) ) 
5.0265 400 CALL EXIT 
5.0266 END 
121 
IPS FORTRAN D COMPILER 2^/01/66 26/01/66 
5.0001 SUBROUTINE LSQFITIFX,N,NP,C,BAS IS) 
5.0002 DOUBLE PRECISION AAI 19,20),Tl,BASIS 119,1),C( 11 
5.0003 DIMENSION FX{1) 
5.0004 N1=N*1 
5.0005 NM1=N-1 
5.0006 DO 2 1=1,N 
5.0007 DO 2 J»1,N1 
5.0008 2 AA(I,J)=0. 
5.0009 DO 4 K«1,NP 
5.0010 DO 4 J»1,N 
S.OOil DO 3 1 = 1,N 
5.0012 3 AA(J,I)=AAIJ,I)*BASIS(l,KI»BASIS(J,K) 
5.0013 4 AA(J,Nl)*AA(J,N1)-FXIK)»BASIS(JtK) 
S.OOIL DO 5 K=l,NMl 
5.0015 DO 5 J*K,NMl 
5.0016 T1=AA(J*l,K)/AA(K,K) 
5.0017 DO 5 I=K,N1 
5.0018 5 AA( J*l, U=AA( J*l , I )-AA(K,I )»T1 
5.0019 C(N)=-AA(N,N1)/AAIN.N) 




S.002A DO 6 J=L,N 





CALIBRATION OF THERMOCOUPLES 
Because the maximum temperature differences measured in the test 
fluid are only of the order of 10°F, an accurate knowledge of the true 
temperature at each sensor must be available. This requires that a 
precise calibration be made of the 60 thermocouples used in the vertical 
probe mounted in the tank. So that all thermocouple output voltages 
could be obtained under the same conditions, it was decided to calibrate 
all 60 at once, rather than in small batches. A constant temperature 
bath, catalogue number 6658D, with dimensions 15 In. x 15 in. x 15 in. 
manufactured by the Precision Scientific Company was used in the cali-
bration. A rack containing 64- 18 x 150mm test tubes filled with water 
was prepared. The rack was designed so that adjacent test tubes were 
separated by a minimum distance of 3/4 inches. Into the test tubes the 
thermocouples were inserted, all to the same depth. This arrangement 
was then immersed in the constant temperature bath. The use of the test 
tubes insured that each sensor would be subject to identically the same 
convective flow conditions and also insured that any small temperature 
variations in the bath would be strongly attenuated. 
The leads near the thermocouple junctions were insulated from 
ambient conditions and thus reached a temperature near that of the 
sensors. This helped minimize any conduction effects which might be 
present. The leads were connected to a junction box and from there to 
six rotary selector switches. The six switches in turn were linked to a 
single selector switch which also controlled the output voltage of a 
calibrated thermocouple connected directly to the constant temperature 
bath. This latter thermocouple was calibrated within a precision of 
± 0.1°F at the calibration laboratory of the Lockheed-Georgia Company. 
The switching arrangement allowed a rapid comparison to be made between 
each thermocouple and the calibrated thermocouple. 
The output voltages were measured on a Leeds and Northrup K-3 
universal potentiometer. This potentiometer can be read to approxi-
mately 0.1 microvolts. It has an absolute accuracy, however, within 
+_ 1 microvolt in the range investigated. Since a one-degree variation 
represents approximately 23 microvolts, temperature measurements within 
1 .05F can theoretically be made. However, reproducibility of the 
results to such a high precision could not usually be achieved. It is 
felt that this was due to thermal gradients present within the wiring 
circuit and across the terminal switches. For example, it was found 
that the cyclic 5°F variation in temperature caused by the air condi-
tioning system in the room containing the calibration equipment resulted 
in a periodic apparent variation of approximately — °F in the thermo-
couple output. This problem was solved by directing fans at the connec-
tions within the junction box to equalize temperatures. However, even 
opening the door to the room containing the equipment caused significant 
changes in apparent temperature. Thus in almost all the calibration 
test runs, some uncontrollable variations occurred. 
The general calibration test procedure was 
1. Establish the desired temperature level in the bath. This 
usually required 4 to 6 hours. 
2. Read the values of the output voltages of each thermocouple 
and compare these with that of the calibrated thermocouple. 
This procedure was followed at three different temperatures from slightly 
above ambient up to 140°F. At each temperature level three to five 
readings from each sensor were obtained and an average deviation from 
the calibrated thermocouple computed. To establish overall reproduci-
bility of the results two additional calibrations were performed and 
average deviations for each thermocouple computed. 
Upon study of the data it was found that a large majority of the 
thermocouples maintain a relatively constant error over the entire 
temperature range. This suggested the use of a constant correction for 
each thermocouple rather than an individual error curve. This correction 
for each thermocouple was obtained by averaging the deviations in all the 
readings at the three different temperature levels and rejecting any 
thermocouple with any deviation greater than 0.2°F from the average. 
The average correction necessary to the standard for each thermo-
couple is presented in Table 3. 
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Table 3. Thermocouple Calibration Corrections 
T ) = C + T 
n true n apparent 
where T = Temperature of Standard Thermocouple corresponding to 
apparent r 



































































































































TABULATION OF AXIAL TEMPERATURE-TIME 
DATA FROM EXPERIMENTAL PROGRAM 
In the data presented in the following tables, the computer 
program discussed in Appendix D was used to obtain from the original 
raw data axial temperature profiles at constant values of time. 
Table 4. Experimental Temperatures 
Test No. 0100 Initial Temperature 74.70°F 
q,_ = .1933 Btu/ft2sec q = .150 Btu/ft sec 
^b s 
Gr" = 1.5 5 x 10 1 2 
max 
Thermocouple T E M P E R A T U R E S ( °F )  
Location 350 700 1050 1400 1750 2100 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 5 . 4 1 7 6 . 8 5 7 7 . 7 2 7 9 . 6 4 8 0 . 7 1 8 2 . 8 9 
0 . 5 0 7 5 . 4 6 7 6 . 6 0 7 7 . 7 8 7 9 . 2 1 8 0 . 7 1 8 2 . 1 2 
0 . 6 6 7 7 5 . 4 1 7 6 . 5 4 7 7 . 8 0 7 9 . 0 9 8 0 . 5 5 8 1 , 9 0 
1 , 0 0 7 5 . 5 3 7 6 . 9 3 7 8 . 2 1 7 9 . 6 5 8 1 . 3 1 8 2 . 5 4 
1 . 1 6 7 7 5 . 7 7 7 7 . 2 9 7 8 . 6 7 8 0 . 2 2 8 1 . 7 7 8 3 . 0 4 
1 . 3 3 7 6 . 3 0 7 7 . 9 7 7 9 . 2 2 8 0 . 8 1 8 2 . 3 1 8 3 . 5 1 
1 , 5 0 7 6 . 4 8 7 8 . 3 0 7 9 . 6 3 8 1 . 1 6 8 2 . 6 7 8 3 . 8 4 
1 . 5 8 3 7 6 . 9 7 7 8 . 7 0 7 9 . 8 3 8 1 . 4 1 8 2 . 7 9 8 3 . 9 3 
1 . 6 6 7 7 6 . 9 2 7 9 . 1 2 8 0 . 2 9 8 1 . 6 9 8 3 . 1 0 8 4 . 1 9 
1 , 7 5 0 7 7 . 5 3 7 9 . 3 1 8 0 . 5 3 8 1 . 8 8 8 3 . 2 9 8 4 . 3 0 
1 . 8 3 3 7 7 . 7 5 7 9 . 7 9 8 0 . 9 7 8 2 . 3 4 8 3 . 6 6 8 4 . 6 0 
1 . 9 1 6 7 7 . 9 5 8 0 . 2 1 8 1 . 2 5 8 2 . 7 1 8 4 . 0 3 8 4 . 9 5 
1 . 9 9 7 8 . 2 9 8 0 . 8 4 8 1 . 5 0 8 2 . 6 7 8 3 . 7 6 8 4 . 5 5 
2 . 0 0 7 8 . 6 4 8 1 . 6 7 8 2 . 1 8 8 3 . 1 9 8 4 . 2 0 8 4 . 8 0 
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Table 7. Experimental Temperatures 
Test No. 0400 Initial Temperature 82.50°F 
2 2 
qn = .197 Btu/ft sec q = .0536 Btu/ft sec 
b s 
Gr" = 6.86 x 10 1 1 
max 
Thermocouple T E M P E R A T U R E S ( ° F )  
Locations 400 800 1200 1600 2000 2400 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 8 3 . 3 0 8 4 . 2 3 8 5 . 3 2 8 6 . 2 8 8 7 . 4 9 8 8 . 5 7 
0 . 5 0 8 3 . 0 1 8 4 . 0 3 8 5 . 0 4 8 6 . 2 2 8 7 . 1 4 8 8 . 0 5 
0 . 6 6 7 8 3 . 1 4 8 4 . 1 4 8 5 . 1 2 8 6 . 1 1 8 7 . 2 9 8 7 . 9 3 
1 . 0 0 0 8 3 . 2 3 8 4 . 2 7 8 5 . 1 9 8 6 . 2 4 8 7 . 4 3 8 8 . 0 5 
1 , 1 6 7 8 3 . 3 0 8 4 . 5 0 8 5 . 3 4 8 6 . 3 0 8 7 . 5 3 8 8 . 1 3 
1 . 3 3 3 8 3 . 2 6 8 4 . 4 0 8 5 . 3 6 8 6 . 2 8 8 7 . 5 0 8 8 , 2 1 
1 . 5 0 0 8 3 . 5 1 8 4 . 5 9 8 5 . 5 1 8 6 . 3 9 8 7 . 4 6 8 8 . 5 0 
1 . 5 8 3 8 3 . 5 7 8 4 . 7 1 8 5 . 7 0 8 6 . 5 9 8 7 . 5 2 8 8 . 6 6 
1 . 6 6 7 8 3 . 6 5 8 4 . 7 2 8 5 . 6 7 8 6 . 6 3 8 7 . 4 3 8 9 . 2 3 
1 . 7 5 8 3 . 7 5 8 4 . 8 3 8 5 . 7 6 8 6 . 8 9 8 7 . 5 7 8 9 . 2 6 
1 . 8 3 3 8 4 . 1 7 8 5 . 0 6 8 5 . 9 9 8 7 . 0 2 8 7 . 8 1 8 9 . 1 7 
1 . 9 1 6 8 4 . 1 2 8 5 . 4 2 8 6 . 3 8 8 7 . 1 6 8 7 . 9 6 8 9 . 1 9 
1 . 9 9 8 4 . 0 9 8 5 . 3 3 8 6 . 2 8 8 7 . 0 5 8 7 . 8 5 8 9 . 0 7 
2 . 0 0 8 3 . 8 9 8 5 . 3 5 8 6 . 3 3 8 7 . 0 3 8 7 . 9 5 8 9 . 2 7 
Table 8. Experimental Temperatures 
Test No. 0500 Initial Temperature 79.05°F 
q = .0888 Btu/ft2sec q = .0565 Btu/ft2sec 
1J o 
Gr" = 5 . 8 1 x 1 0 1 1 
max 
Thermocouple T E M P E R A T U R E S ( °F )  
Locations 400 800 1200 1600 2000 2400 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 9 . 3 9 8 0 . 0 4 8 0 . 6 5 8 1 . 0 6 8 1 . 7 5 8 2 . 4 6 
0 . 5 0 7 9 . 3 7 7 9 . 9 5 8 0 . 5 0 8 1 . 0 4 8 1 . 7 4 8 2 . 4 8 
0 . 6 6 7 7 9 . 2 9 7 9 . 8 4 8 0 . 4 0 8 0 . 9 9 8 1 . 7 2 8 2 , 4 6 
1 . 0 0 0 7 9 . 2 7 7 9 . 8 5 8 0 . 4 2 8 1 . 0 9 8 1 . 7 1 8 2 . 4 6 
1 . 1 6 7 7 9 . 3 7 8 0 . 0 8 8 0 . 7 2 8 1 . 4 9 8 2 . 2 0 8 2 . 6 6 
1 . 3 3 3 7 9 . 7 8 8 0 . 4 9 8 1 . 2 2 8 1 . 9 4 8 2 . 7 0 8 3 . 2 9 
l o 5 0 0 7 9 . 9 1 8 0 . 7 0 8 1 . 4 5 8 2 . 0 9 8 2 . 8 4 8 3 . 4 6 
1 , 5 8 3 7 9 . 9 3 8 0 . 7 3 8 1 . 5 3 8 2 . 1 9 8 2 . 9 1 8 3 . 5 4 
1 . 6 6 7 8 0 . 1 7 8 1 . 0 4 8 1 . 7 8 8 2 . 5 3 8 3 . 1 3 8 3 . 7 5 
1 . 7 5 0 8 0 . 1 3 8 1 . 0 6 8 1 . 7 7 8 2 . 6 7 8 3 . 2 6 8 3 . 7 8 
1 . 8 3 3 8 0 . 3 4 8 1 . 4 0 8 2 . 0 9 8 2 . 9 5 8 3 . 6 3 8 4 . 2 0 
1 , 9 1 6 8 0 . 8 3 8 1 . 6 0 8 2 . 3 7 8 3 . 2 7 8 3 . 8 9 8 4 . 3 8 
1 . 9 9 8 1 . 1 2 8 1 . 8 3 8 2 . 4 7 8 3 . 3 3 8 3 . 8 7 8 4 . 4 9 
2 . 0 0 8 1 . 1 9 8 1 . 8 8 8 2 . 8 4 8 3 . 4 9 8 4 . 1 0 8 4 . 6 3 
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Table 11. Experimental Temperatures 
Test No, 0800 Initial Temperature 73.80°F 
q, = 0.144 Btu/ft2sec q = 0.0177 Btu/ft2see 
b s 
Gr" = 1.54 x 10 1 1 
max 
Thermocouple T E M P E R A T U R E S ( °F )  
Locations 600 1200 1800 2400 3000 3600 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 4 . 4 2 7 5 . 0 9 7 6 . 0 3 7 7 . 1 9 7 8 . 3 3 7 8 . 8 1 
0 . 5 0 0 7 4 . 4 2 7 5 . 0 8 7 6 . 0 9 7 7 . 3 6 7 8 . 1 4 7 8 . 9 9 
0 . 6 6 7 7 4 . 3 8 7 5 . 0 7 7 6 . 1 0 7 7 . 1 6 7 8 . 0 2 7 8 . 9 7 
1 . 0 0 0 7 4 . 3 9 7 5 . 0 5 7 6 . 0 9 7 7 . 1 5 7 7 . 9 0 7 8 . 9 3 
1 . 1 6 7 7 4 . 6 1 7 5 . 3 1 7 6 . 2 2 7 7 . 0 5 7 7 . 9 0 7 8 . 9 3 
1 , 3 3 3 7 4 . 6 0 7 5 . 2 9 7 6 . 2 1 7 7 . 1 1 7 8 . 1 3 7 9 . 1 6 
1 . 5 0 0 7 4 . 6 4 7 5 . 2 8 7 6 . 1 9 7 7 . 1 0 7 8 . 1 1 7 9 . 1 5 
1 . 5 8 3 7 4 . 7 9 7 5 . 4 5 7 6 . 1 7 7 7 . 1 6 7 8 . 0 8 7 9 . 1 2 
1 . 6 6 7 7 4 . 7 6 7 5 . 4 4 7 6 . 1 8 7 7 . 2 2 7 8 . 0 5 7 9 . 0 8 
1 . 7 5 0 7 4 . 9 5 75 . 5 8 7 6 . 1 4 7 7 . 1 5 7 8 . 0 4 7 9 . 0 8 
1 . 8 3 3 7 5 . 0 7 7 5 . 5 6 7 6 . 2 4 7 7 . 1 8 7 8 . 1 6 7 9 . 1 1 
1 . 9 1 6 7 5 . 1 1 7 5 . 6 5 7 6 . 2 1 7 7 . 1 4 7 8 . 3 2 7 9 . 2 5 
1 . 9 9 7 5 . 1 0 7 5 . 6 2 7 6 . 3 3 7 7 . 2 6 7 8 . 4 3 7 9 . 4 2 
2 . 0 0 7 5 . 1 2 7 5 . 6 6 7 6 . 3 2 7 7 . 4 6 7 8 . 3 3 7 9 . 3 3 
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Table 12. Experimental Temperatures 
Test No. 0900 Initial Temperature 79.00°F 
q̂  = 0.0124 Btu/ft2sec q = 0.0141 Btu/ft2sec 
b s 
Gr" = 1.32 x 10 1 1 
max 
Thermocouple T E M P E R A T U R E S ( °F )  
Locations 600 1200 1800 2400 3000 3600 4200 4800 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) 
0. ,0833 79, ,09 79, .17 79, .35 79, ,43 79, .67 79, .88 79, .89 80, .12 
0. ,500 79, ,09 79, .16 79, .37 79, ,56 79, ,75 79, .81 79, .90 80, ,19 
0. ,667 79, ,06 79, .13 79, .29 79, ,48 79, ,65 79, ,82 79, ,88 80, ,06 
1. 000 78. ,99 79, .21 79, ,49 79, ,62 79, ,82 80, .02 80, ,16 80, .41 
1. ,167 79, ,01 79, ,21 79, ,57 79, ,80 79, ,99 80, ,21 80, ,37 80, ,54 
1. 333 79. ,35 79, .63 79, ,94 80, ,13 80, ,31 80, ,54 80, ,67 80, ,88 
1. ,500 79. ,33 79, .71 79, ,99 80, ,23 80, ,41 80, ,58 80, ,71 80, ,88 
1, ,583 79, ,34 79, .71 80, .02 80, .27 80, ,45 80 .63 80, ,80 80, ,93 
1. ,667 79, ,47 79, ,85 80, ,19 80, ,39 80, ,54 80, ,72 80, ,89 81. ,09 
1, ,750 79, ,49 79, ,84 80, ,19 80, ,40 80. ,61 80, .72 80, ,93 81, ,17 
1. ,833 79. ,66 80, ,02 80, ,39 80. ,57 80, ,79 80, ,95 81. ,19 81, ,37 
1. ,916 79. ,82 80, ,28 80, ,48 80, ,70 80, ,92 81, ,12 81. ,36 81, ,54 
1. ,99 80. ,12 80. ,28 80. ,56 80. ,69 80. ,92 81, ,13 81. ,45 81. 57 
2. 00 80. 56 80. ,67 80. ,86 80. ,87 81, ,22 81, ,36 81. 53 81. 66 
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Table 15. Experimental Temperatures 
Test No. 1200 Initial Temperature 80.45°F 
q^ = .1115 Btu/ft2sec q = .1183 Btu/ft2sec 
b s 
Gr" = 1.09 x 10 1 4 
max 
Thermo-
c o u p l e T E M P E R A T U R E S ( ° F ) 
Locations 288 576 864 1152 1440 1728 2016 2304 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) (sec) (sec) 
0, ,0833 80, ,61 81. ,06 81, ,36 81, .66 82, ,16 83, .56 83, ,36 84, .66 
0, .50 80, ,70 81, ,00 81, ,35 81. .65 82, ,15 82 .89 83, ,40 84, .00 
1, ,00 80, ,60 80, .90 81. .20 81, .64 82, .19 82, ,74 83, .24 83 .93 
1, ,50 80, ,57 81, ,08 81, ,44 81. .99 82, ,66 83, ,18 83, ,86 84 .47 
2, ,00 80, .65 81, .31 81, ,91 82 .41 83, .05 83 .65 84, .30 84, .90 
2 .50 80, ,68 81. ,39 82, .04 82, .55 83, .14 83, .83 84, ,40 85 .03 
3. ,00 80, ,98 81, ,63 82. ,22 82, ,91 83, .48 84, ,16 84, ,86 85, .47 
3, ,50 81, ,20 81. ,90 82, ,51 83, ,19 83, .76 84. ,48 85, .19 85. ,77 
4, ,042 80, ,96 81. ,93 82, ,38 83, ,11 83, .78 84. ,43 85. ,16 85 .79 
4, .56 81. ,31 82, ,24 82, ,87 83, ,59 84, ,25 85, .12 85, ,69 86, .34 
5, .00 81. ,53 82. ,36 83. ,16 83. ,79 84. ,55 85. ,35 86. ,12 86, .74 
5, .40 82. ,10 82. ,78 83. ,46 84, ,15 84, .84 85, ,70 86, ,48 87, ,22 
5, .68 81. ,89 82, ,88 83. ,78 84, ,55 85. ,38 86. ,22 87. .16 87, ,87 
5, ,83 82. ,16 83. 05 84. 00 84. ,95 85. ,95 86, ,88 87. ,70 88. ,54 
5. , 926 82. ,52 83. 43 84. ,31 85. ,15 86, ,18 87. ,16 88, ,13 88. ,91 
6, ,000 83. 28 83. 53 84. 20 85, .15 86. ,14 87. ,31 38. ,03 89. ,00 
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Table 17. Experimental Temperatures 
Test No. 1400 I n i t i a l Temperature 84.7°F 
2 2 
q = .204 Btu/ft sec q = .052 Btu/ft sec 
Gr" = 5.7 x 1013 
max 
Thermocouple T E M P E R A T U R E S ( °F )  
Locations 600 1200 1800 2400 3000 . 3600 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 8 5 . 6 1 8 6 . 8 3 8 7 . 9 2 8 8 . 3 7 8 8 . 8 8 8 9 . 4 2 
0 . 5 0 8 5 . 3 5 8 6 . 0 5 8 6 . 9 4 8 7 . 8 4 8 8 . 5 6 8 9 . 2 3 
1 . 0 0 8 5 . 2 4 8 6 . 0 2 8 6 . 9 2 8 7 , 8 0 8 8 . 5 5 8 9 . 4 3 
1 . 5 0 8 5 . 2 3 8 6 . 0 2 8 6 . 9 4 8 7 . 8 2 8 8 . 6 1 8 9 . 3 8 
2 . 0 0 8 5 . 3 1 8 6 . 0 9 8 7 . 0 2 8 7 . 9 6 8 8 . 7 2 8 9 . 3 2 
2 . 5 0 8 5 . 5 2 8 6 . 2 8 8 7 . 0 3 8 8 . 0 2 8 8 . 8 6 8 9 . 4 9 
3 . 0 1 6 8 5 . 4 0 8 6 . 2 3 8 7 . 0 9 8 7 . 9 8 8 8 . 8 3 8 9 . 6 3 
3 . 5 0 8 5 . 4 3 8 6 . 3 0 8 7 . 1 2 8 8 . 0 3 8 8 . 8 9 8 9 . 6 5 
4 . 0 0 8 5 . 5 8 8 6 . 4 4 8 7 . 2 5 8 8 . 0 8 8 9 . 0 6 8 9 . 8 0 
4 . 5 0 8 5 . 7 6 8 6 . 5 3 8 7 . 3 9 8 8 . 3 5 8 9 . 2 1 8 9 . 9 9 
5 . 0 0 8 5 . 8 7 8 6 . 7 0 8 7 . 5 4 8 8 . 4 4 8 9 . 3 1 9 0 . 3 0 
5 . 3 1 8 5 . 8 8 8 6 . 9 0 8 7 . 7 4 8 8 . 7 4 8 9 . 7 0 9 0 . 3 2 
5 . 6 7 8 6 . 0 2 8 7 . 0 2 8 8 . 0 2 8 8 . 8 3 8 9 . 8 0 9 0 . 5 7 
5 . 8 3 8 6 . 1 0 8 7 . 1 3 8 8 . 1 4 8 8 . 9 8 8 9 . 9 1 9 0 . 6 4 
5 . 9 1 6 8 6 . 3 0 8 7 . 2 7 8 8 . 1 7 8 9 . 0 0 8 9 . 9 4 9 0 . 7 3 
6 . 0 0 0 8 6 . 4 1 8 7 . 5 6 8 8 . 7 6 8 9 . 5 0 9 0 . 2 8 9 0 . 7 5 
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Table 21. Experimental Temperatures 
Test No. 1800 Initial Temperature 76.65°F 
q̂  = .1385 Btu/ft sec q = 0.0147 Btu/ft sec 
b s 
Gr" = 1.07 x 10 1 3 
max 
Thermocouple _ _ T E M P E R A T U R E S ( ° F )  
Locations 750 1500 2250 3000 3750 4500 5250 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 7 . 1 4 7 7 . 5 0 7 8 . 0 2 7 8 . 6 1 7 9 . 1 8 7 9 . 8 8 8 0 . 1 1 
0 . 5 0 7 6 . 9 7 7 7 . 3 4 7 7 . 8 2 7 8 . 3 4 7 8 . 8 2 7 9 . 4 4 7 9 . 8 2 
1 , 0 0 7 7 . 0 0 7 7 . 3 1 7 7 . 7 8 7 8 . 3 0 7 8 . 7 0 7 9 . 3 2 7 9 . 7 4 
1 . 5 0 7 7 . 0 4 7 7 . 4 0 7 7 . 8 8 7 8 . 3 9 7 8 . 8 2 7 9 . 3 4 7 9 . 7 6 
2 . 0 0 7 7 . 0 7 7 7 . 4 7 7 7 . 9 3 7 8 . 4 4 7 8 . 8 9 7 9 . 3 7 7 9 . 8 8 
2 . 5 0 7 7 , 0 5 7 7 . 5 2 7 8 . 0 1 7 8 . 4 8 7 8 . 8 2 7 9 . 2 6 7 9 . 7 5 
3 „ 0 1 6 7 7 . 1 0 7 7 . 5 7 7 8 . 0 6 7 8 . 5 6 7 8 . 9 0 7 9 . 4 2 7 9 . 8 3 
3 . 5 0 7 7 . 1 4 7 7 . 6 9 7 8 . 1 5 7 8 . 5 9 7 8 . 9 0 7 9 . 4 0 7 9 . 8 1 
4 . 0 0 7 7 . 1 3 7 7 . 6 8 7 8 . 1 4 7 8 . 5 9 7 8 . 9 3 7 9 . 4 4 7 9 . 8 1 
4 . 5 0 7 7 . 1 6 7 7 . 6 8 7 8 . 1 5 7 8 . 6 2 7 8 . 8 8 7 9 . 3 6 7 9 . 8 2 
5 . 0 0 7 7 . 1 4 7 7 . 7 1 7 8 . 1 9 7 8 . 6 9 7 8 . 9 6 7 9 . 4 0 7 9 . 7 9 
5 . 3 1 7 7 . 2 4 7 7 . 8 1 7 8 . 2 5 7 8 . 7 6 7 9 . 2 2 7 9 . 5 5 7 9 . 9 2 
5 . 6 7 7 7 . 1 8 7 7 . 7 4 7 8 . 2 1 7 8 . 7 4 7 9 . 1 2 7 9 . 4 4 7 9 . 8 1 
5 . 8 3 7 7 . 2 9 7 7 . 8 4 7 8 . 2 5 7 8 . 7 8 7 9 . 1 6 7 9 . 5 1 7 9 . 8 6 
5 . 9 1 6 7 7 . 3 5 7 7 . 8 8 7 8 . 3 1 7 8 . 7 8 7 9 . 1 9 7 9 . 6 2 7 9 . 9 3 
6 . 0 0 7 7 . 7 3 7 8 . 2 7 7 8 . 7 0 7 9 . 1 7 7 9 . 5 8 8 0 . 0 0 8 0 . 3 1 
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Table 23. Experimental Temperatures 
Test No. 2000 Initial Temperature 79.60°F 
q̂  = 0 q = .0179 Btu/ft2sec 
•̂b s 
Gr" = 1.41 x 1013 
max 
Thermocouple T E M P E R A T U R E S ( ° F )  
Locations 1200 2400 3600 4800 6000 7200 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 .083 7 9 . 6 1 79 .59 79 .60 7 9 . 6 1 7 9 . 6 1 7 9 . 6 1 
0 .50 79 .59 79 .62 79 .64 79 .66 79 .68 79 .83 
1.00 79 .58 79 .64 79 .78 80 .06 80.25 80 .54 
1.50 79 .63 79 .82 80 .02 80 .44 80 .78 81 .12 
2 . 0 0 7 9 . 7 1 79 .98 80 .36 80 .88 81 .17 81 .56 
2 .50 79 .80 80 .14 80 .60 81 .00 81 .30 81 .73 
3 .016 79 .92 80 .39 80 .77 81 .17 81 .47 81 .95 
3.50 80 .09 80 .56 80 .94 81 .39 81 .69 82.16 
4 .00 80 .17 80 .68 81 .03 81 .52 81 .86 82 .33 
4 .50 80 .30 8 0 . 8 1 8 1 . 2 1 81 .73 81 .99 82 .50 
5,00 8 0 . 5 1 80 .98 81 .33 81 .85 82 .08 82 .58 
5 .31 80 .54 81 .07 81 .45 81 .95 82 .24 8 2 . 7 1 
5.67 80 .54 81 .07 81 .54 82 .07 82 .29 82 .78 
5.83 80 .67 81 .14 81 .55 82 .15 82 .30 82 .82 
5.916 8 0 . 6 1 81 .14 81 .58 8 2 . 1 1 82 .33 82 .69 
6 .00 80 .75 81 .23 81 .62 82 .19 82 .34 82 .68 
L D l D t D t O C O C O - J C J i a i - P U t O H H O O 
^ J U i C O O C n O O O O O O O C n O C n O 
c n o o c o o o o o o o o o o o o o o o 
O CO 
CO 
a ) O ) N ) M h 0 M H H H H H I - , H H I - J h J 
( B C J l t D a i M H O D C O O l C n ^ C O ^ U C n a ) 
C O U C O U M O C O O - J O l N l C O O t D U H 
< J - J - J - 0 - ^ J - J - J < ] - J ~ J - J - J < J - J < ] - J 
t n - F U O J U M t O r O M W W H H H I v l M 
H W C O O l W l D C D O l O l C O H l O l D C O O H 
O O O C D C n h - ' C O C O C n h o c o c n O I — ' U i H - F 
" - J - < ] - - J < ] - - J < ] ^ J - J < ] - v O - J - J - J - < ] - - J - J 
( J l U l - P - F O J U U U U W W f O W t O W W 
p O X l U t D C n u i O H l D v l j r j r u i O i s l 
O l O l - J U r o C D l D U O O - P O I U O - J i D 
O C D C n c n - p - P - P - P C O C O C O C O C O C O C O C O 
N ^ c o c n h - ' c n - p r o o ^ i c n c o o o o H c n 
( D O i o i - F C D O o o w w i D o i H t o - F a i 
- J ~ J - - J ~ - J < ] - J - < 1 - 0 ~ J < ] - - J - J < 1 - J - 0 - J 
0 0 - J C X i C n c n o - i - f r - P - P - F - F C O C O C O C O - P 
u u a i c o - F w c D a i u M O u i a i o i N i o 
C O C O O U 3 - P O O D 0 3 L O - < l C O C T > O O C O - P C n 
—a —-o —J -—a —3 —a —u —3 -—J -—] ~̂ a •—J —a -—3 —3 —J 
a ) d ) N ] w a > o i u i a i c j i - p - P - P - F - P - F - P 
i D O H W H O D O l U O l D O I W W H U O l 

























Table 25. Experimental Temperatures 
Test No. 2200 
q b = 0 .1082 B t u / f t 
Gr'% 
max 
Thermocouple T E M P 
Locations 300 600 
(ft) (sec) (sec) 
0 . 0 8 3 3 7 4 . 3 4 7 4 . 5 3 
0 . 5 0 7 4 . 2 0 7 4 . 4 7 
1 . 0 0 7 4 . 2 6 7 4 . 6 0 
1 . 5 0 7 4 . 3 6 7 4 . 6 6 
2 . 0 0 7 4 . 3 9 7 4 . 8 4 
3 . 0 0 7 4 . 3 5 7 4 . 9 9 
4 . 0 0 7 4 . 4 5 7 5 . 1 1 
5 . 0 0 7 4 . 7 6 7 5 . 4 2 
5 . 0 0 7 4 . 8 2 7 5 . 5 0 
7 , 0 0 7 4 . 7 9 7 5 . 5 3 
8 . 0 0 7 5 . 0 2 7 5 . 6 8 
8 . 5 0 7 5 . 1 0 7 5 . 9 0 
9 . 0 0 7 5 . 1 2 7 6 . 1 2 
9 . 3 3 7 5 . 4 9 7 6 . 4 5 
9 . 5 8 7 6 . 1 2 76 . 6 2 
9 . 7 5 7 6 . 2 8 7 7 . 7 9 
Initial Temperature 74.10°F 
2 
sec q = .114 Btu/ft sec 
s 
14 
5.28 x 10 
E R A T U R E S (°F)  
900 1200 1500 1800 
(sec) (sec) (sec) (sec) 
7 5 . 0 2 7 5 . 6 0 7 5 . 8 9 7 6 . 3 1 
7 4 . 9 0 7 5 . 3 8 7 5 . 8 9 7 6 . 3 8 
7 5 . 0 7 7 5 . 5 4 7 5 . 8 7 7 6 . 3 5 
7 5 . 0 9 7 5 . 6 1 7 6 . 0 5 7 6 . 5 3 
7 5 . 3 4 7 5 . 8 4 7 6 . 3 5 7 6 . 8 9 
7 5 . 5 3 7 6 . 0 9 7 6 . 6 0 7 7 . 1 3 
7 5 . 7 1 7 6 . 3 2 7 6 . 8 6 7 7 . 4 1 
7 6 . 0 1 7 6 . 6 1 7 7 . 2 9 7 7 . 8 3 
7 6 . 1 7 7 6 . 8 8 7 7 . 4 6 7 8 . 0 2 
7 6 . 2 7 7 6 . 9 6 7 7 . 6 4 7 8 . 2 3 
7 6 . 4 7 7 7 . 1 5 7 7 . 8 6 7 8 . 4 6 
7 6 . 7 3 7 7 . 4 8 7 8 . 1 5 7 8 . 7 5 
7 6 . 9 7 7 7 . 7 8 7 8 . 5 9 7 9 . 1 5 
7 7 . 3 8 7 8 . 2 2 7 8 . 9 2 7 9 . 5 4 
7 7 . 7 1 7 8 . 7 9 7 9 . 6 6 8 0 . 3 3 
7 8 . 9 9 7 9 . 3 6 8 0 . 0 0 8 0 . 6 2 
Table 26. Experimental Temperatures 
Test No. 2300 Initial Temperature 75.50°F 
2 
q̂  = 0 q = 0.108 Btu/ft sec 
b s 
Gr" = 5.22 x 1014 
max 
Thermocouple T E M P E R A T U R E S ( °F )  
Locations 300 600 900 1200 1500 1800 
(ft) (sec) (sac) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 5 . 5 9 7 5 . 5 9 7 5 . 6 2 7 5 . 6 1 7 5 . 6 1 7 5 . 6 1 
0 . 5 0 7 5 . 5 4 7 5 . 5 9 7 5 . 6 2 7 5 . 6 1 7 5 . 6 1 7 5 . 7 2 
1 . 0 0 7 5 . 5 4 7 5 . 5 9 7 5 . 6 1 7 5 . 6 3 7 5 . 7 9 7 6 . 0 4 
1 . 5 0 7 5 . 5 4 7 5 . 5 7 7 5 . 6 8 7 5 . 9 7 7 6 . 2 8 7 6 . 6 5 
2 . 0 0 7 5 . 5 6 7 5 . 6 8 7 6 . 0 8 7 6 . 5 4 7 7 . 1 5 7 7 . 6 3 
3 . 0 0 7 5 . 6 6 7 6 . 2 3 7 6 . 8 1 7 7 . 4 4 7 7 . 9 6 7 8 . 3 4 
4 . 0 0 7 5 . 9 0 7 6 . 3 8 7 6 . 9 7 7 7 . 6 9 7 8 . 2 8 7 8 . 6 2 
5 . 0 0 7 6 . 0 9 7 6 . 7 5 7 7 . 3 5 7 8 . 0 3 7 8 . 6 4 7 8 . 9 9 
6 . 0 0 7 6 . 4 3 7 7 . 0 3 7 7 . 7 3 7 8 . 3 3 7 8 . 9 2 7 9 . 2 8 
7 . 0 0 7 6 . 4 5 7 7 . 0 6 7 7 . 8 0 7 8 . 5 2 7 9 . 1 2 7 9 . 4 7 
8 . 0 0 7 6 . 4 3 7 7 . 3 6 7 8 . 0 8 7 8 . 7 6 7 9 . 4 4 7 9 . 7 9 
8 . 5 0 7 6 . 6 2 7 7 . 5 1 7 8 . 3 2 7 9 . 0 5 7 9 . 6 6 7 9 . 9 8 
9 . 0 0 7 6 . 7 1 7 7 . 6 6 7 8 . 5 9 7 9 . 3 2 8 0 . 0 5 8 0 . 3 7 
9 . 3 3 7 7 . 2 5 7 7 . 9 3 7 8 . 9 0 7 9 . 6 3 8 0 . 3 8 8 0 . 6 9 
9 . 5 8 7 7 . 0 8 7 8 . 3 3 7 9 . 2 5 8 0 . 0 4 8 0 . 9 3 8 1 . 2 0 
9 . 7 5 7 8 . 0 9 7 8 . 5 2 7 9 . 6 7 8 0 . 6 4 8 1 . 5 1 8 1 . 6 9 
Table 27. Experimental Temperatures 
Test No. 2400 Initial Temperature 76.20°F 
q̂  = .1775 Btu/ft2sec q = 0.043 Btu/ft sec 
^•b s 
* 14 
Gr = 2.11 x 10 max 
Thermocouple T E M P E R A T U R E S (°F)  
Locations 450 900 1350 1800 2250 2700 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 6 . 4 4 7 6 . 8 6 7 7 . 4 4 7 7 . 9 0 7 8 . 3 3 7 8 . 9 1 
0 . 5 0 0 7 6 . 3 6 7 6 . 8 0 7 7 . 3 8 7 7 . 8 9 7 8 . 3 5 7 8 . 8 9 
1 . 0 0 7 6 . 3 7 7 6 . 8 1 7 7 . 2 8 7 7 . 7 8 7 8 . 2 5 7 8 . 7 2 
1 . 5 0 7 6 . 1 8 7 6 . 6 5 7 7 . 2 3 7 7 . 6 2 7 8 . 0 7 7 8 . 5 4 
2 . 0 0 7 6 . 2 3 7 6 . 7 4 7 7 . 1 3 7 7 . 6 7 7 8 . 1 0 7 8 . 5 9 
3 . 0 0 7 6 . 5 1 7 6 . 8 3 7 7 . 2 7 7 7 . 7 7 7 8 . 1 5 7 8 . 6 3 
4 . 0 0 7 6 . 3 4 7 6 . 8 1 7 7 . 2 3 7 7 . 7 0 7 8 . 1 5 7 8 . 6 0 
5 . 0 0 7 6 . 6 4 7 7 . 0 8 7 7 . 5 4 7 7 . 9 3 7 8 . 3 7 7 8 . 8 0 
6 . 0 0 7 6 . 6 8 7 7 . 1 1 7 7 . 5 9 7 8 . 0 1 7 8 . 4 5 7 8 . 9 1 
7 „ 0 0 7 6 . 8 7 7 7 . 2 9 7 7 . 7 6 7 8 . 1 8 7 8 . 6 1 7 9 . 0 6 
8 . 0 0 7 6 . 8 7 7 7 . 2 7 7 7 . 7 4 7 8 . 1 6 7 8 . 5 7 7 9 . 0 4 
8 . 5 0 7 6 . 8 6 7 7 . 2 6 7 7 . 7 1 7 8 . 1 9 7 8 . 6 1 7 9 . 0 7 
9 . 0 0 7 7 . 0 7 7 7 . 4 9 7 7 . 9 3 7 8 . 4 0 7 8 . 8 1 7 9 . 2 6 
9 . 3 3 7 7 . 1 4 7 7 . 7 0 7 8 . 1 9 7 8 . 6 0 7 9 . 0 1 7 9 . 4 2 
9 . 5 8 7 7 . 1 8 7 7 . 9 1 7 8 . 3 8 7 8 . 8 0 7 9 . 2 6 7 9 . 6 5 
9 . 7 5 7 7 . 5 0 7 8 . 4 4 7 8 . 7 9 7 9 . 1 6 7 9 . 5 4 7 9 . 9 9 
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Table 30. Experimental Temperatures 
Test No. 2700 I n i t i a l Temperature 75.30°F 
2 
qu = 0 q = 0.045 Btu/ft sec 
^D S 
:'c i n 
Gr = 2 . 1 5 x 10 
max 
Thermocouple T E M P E R A T U R E S ( ° F )  
Locations 600 1200 1800 2400 3000 3600 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 5 . 3 0 7 5 . 3 1 7 5 . 3 0 7 5 . 3 0 7 5 . 3 1 7 5 . 3 1 
0 . 5 0 7 5 . 3 1 7 5 . 3 2 7 5 . 3 6 7 5 . 3 7 7 5 . 4 5 7 5 . 6 3 
1 , 0 0 7 5 . 3 4 7 5 . 3 7 7 5 . 4 0 7 5 . 4 2 7 5 . 6 5 7 5 . 8 9 
1-50 7 5 . 3 5 7 5 . 4 3 7 5 . 5 8 7 5 . 9 5 7 6 . 3 4 7 6 . 6 8 
2 . 0 0 7 5 . 2 6 7 5 . 4 5 7 5 . 8 5 7 6 . 4 4 7 6 . 8 8 7 7 . 1 8 
3 , 0 0 7 5 . 4 7 7 6 . 0 4 7 6 . 6 3 7 7 . 0 4 7 7 , 4 7 7 7 . 7 3 
4 , 0 0 7 5 . 6 9 7 6 . 2 9 7 6 . 8 4 7 7 . 2 8 7 7 . 7 3 7 8 . 0 1 
5 . 0 0 7 5 . 8 3 7 6 . 3 7 7 6 . 9 9 7 7 . 4 8 7 7 . 9 0 7 8 . 1 7 
6 . 0 0 7 5 . 9 5 7 6 . 6 3 7 7 . 2 1 7 7 . 7 5 7 8 . 1 4 7 8 . 4 2 
7 , 0 0 7 5 . 9 8 7 6 . 6 2 7 7 . 1 9 7 7 . 7 9 7 8 . 2 3 7 8 . 5 3 
8 . 0 0 7 6 . 0 8 7 6 . 6 9 7 7 . 4 0 7 8 . 0 3 7 8 . 4 8 7 8 . 7 5 
8c50 7 6 . 2 9 7 6 . 9 0 7 7 . 6 0 7 8 . 2 5 7 8 . 7 1 7 8 . 9 8 
9 . 0 0 7 6 . 3 8 7 7 . 0 6 7 7 . 8 0 7 8 . 4 4 7 8 . 8 7 7 9 . 1 2 
9 . 3 3 7 6 . 5 1 7 7 . 3 1 7 8 . 0 1 7 8 . 6 6 7 9 . 1 5 7 9 . 3 9 
9 . 5 8 7 6 . 6 7 7 7 . 4 7 7 8 . 2 0 7 8 . 8 8 7 9 . 3 6 7 9 . 5 7 
9 . 7 5 7 6 . 9 5 7 7 . 5 8 7 8 . 3 5 7 9 . 1 4 7 9 . 6 9 7 9 . 8 9 
Table 31. Experimental Temperatures 
Test No. 2800 Initial Temperature 76.23°F 
2 2 
q̂  = 0.0289 Btu/ft sec q = 0.016 Btu/ft sec 
^b us 
Gr" = 7.33 x 10 1 3 
max 
Thermocouple T E M P E R A T U R E S ( ° F )  
Locations 900 1800 2700 3600 4500 5400 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 6 . 2 5 7 6 . 3 6 7 6 . 6 6 7 6 . 9 5 7 7 . 1 2 7 7 . 4 3 
0*500 7 6 . 2 5 7 6 . 3 6 7 6 . 6 2 7 6 . 8 8 7 7 . 1 2 7 7 . 4 3 
1 . 0 0 7 6 . 2 4 7 6 . 3 6 7 6 . 6 2 7 6 . 8 5 7 7 . 0 3 7 7 . 4 2 
1 . 5 0 7 6 . 3 0 7 6 . 4 6 7 6 . 7 8 7 6 . 9 8 7 7 . 2 3 7 7 . 6 2 
2 . 0 0 7 6 , 3 8 7 6 . 5 6 7 6 . 7 8 7 6 . 9 8 7 7 . 2 2 7 7 . 5 7 
3 , 0 0 7 6 . 3 7 7 6 . 5 9 7 6 . 9 2 7 7 . 2 0 77o39 7 7 . 6 6 
4 . 0 0 7 6 . 4 0 7 6 . 6 7 7 7 . 0 1 7 7 . 2 6 7 7 . 3 9 7 7 . 7 3 
5 . 0 0 7 6 . 5 5 7 6 . 8 1 7 7 . 0 3 7 7 . 2 6 7 7 . 3 9 7 7 . 8 0 
6 . 0 0 7 6 . 5 3 7 6 . 8 7 7 7 . 1 9 7 7 . 4 2 7 7 , 6 9 7 7 . 9 6 
7 . 0 0 7 6 , 5 6 7 6 . 8 5 7 7 . 2 1 7 7 . 4 9 7 7 . 6 9 7 7 . 9 9 
8 . 0 0 7 6 . 6 8 7 6 . 9 9 7 7 . 2 5 7 7 . 5 8 7 7 . 7 7 7 8 . 1 5 
8 . 5 0 7 6 . 7 6 7 7 . 1 0 7 7 . 4 0 7 7 . 6 8 7 7 . 9 9 7 8 . 3 0 
9 . 0 0 7 6 . 8 4 7 7 . 1 9 7 7 . 4 8 7 7 . 7 2 7 8 . 0 3 7 8 . 3 7 
9 . 3 3 7 6 . 9 3 7 7 . 3 1 7 7 . 6 0 7 7 . 9 3 7 8 . 1 6 7 8 . 5 3 
9 . 5 8 7 6 . 9 7 7 7 . 3 0 7 7 . 5 9 7 7 . 9 4 7 8 . 2 5 7 8 . 5 8 
9 . 7 5 7 7 o 0 4 7 7 . 3 2 7 7 . 6 7 7 7 . 9 8 7 8 . 3 3 7 8 . 6 3 
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< i x i x i x i - j - ^ - j ( j ) a ) w a i c n a i o i c n a ) 
I D t O x l O l O i f l O t D l D - O O l f - P W H H 
c o u i i n w o D H o o i w i f l f f i o i H a i c o H 
—a •—D —3 —j —3 -~j —a —a —3 —3 —J —a ^ j •—3 —3 -̂ a 
c o o 3 0 o c o < i - s i x i s j < i \ i < i o i a i c n c n ( j ) 
- P ^ r o o i D ^ u i - F u H O O D s j a i u f o 
U D M O - J C D C D O J O r O O h - ' O C n O O C D u D 
-~3 --0 —3 —3 —J ~-J —J —-3 ~-J —3 -~3 -—J --J —J --3 --3 
o o o o o o o D v ] N j < i < i v j < i v j a i c 7 ) a ) a i a i 
- P u u H i D C o o i o i u w H f f l - s i c n w a ; 
x l i D K 3 C 0 a ) a i - P H ( D a ) O ) O l H - J U C 
O 3 c o o o o o o o - < ] < i < i < i v j < i < i c n c 5 i c n c ! i 
a i f f c o H i D O D c o o i a i c o o t D C o c o N ] 
N l - F f O O l - O C O Q O H W - s l N j x I f U l l Q 
Table 33. Experimental Temperatures 
Test No. 3000 Initial Temperature 76.15°F 
q̂  = 0 q = 0.019 Btu/ft2sec 
b s 
Gr" = 8.7 x 10 1 3 
max 
Thermocouple T E M P E R A T U R E S ( ° F )  
Locations 900 1800 2700 3600 4500 5400 
(ft) (sec) (sec) (sec) (sec) (sec) (sec) 
0 . 0 8 3 3 7 6 . 1 5 7 6 . 1 6 7 6 . 1 4 7 6 . 1 6 7 6 . 1 5 7 6 . 1 7 
0 . 50 7 6 . 2 5 7 6 . 2 2 7 6 . 2 7 7 6 . 3 1 7 6 . 4 4 7 6 . 4 9 
1 . 0 0 7 6 . 2 5 7 6 . 2 2 7 7 . 2 2 7 6 . 4 3 7 6 . 5 7 7 6 . 7 6 
1 .50 7 6 . 1 6 7 6 . 2 2 7 6 . 2 2 7 6 . 5 0 7 6 . 7 4 7 6 . 9 7 
2 . 0 0 7 6 . 1 6 7 6 . 2 6 7 6 . 3 4 7 6 . 6 3 7 6 . 9 9 7 7 . 2 4 
3 . 0 0 7 6 . 2 5 7 6 . 4 3 7 6 . 7 2 7 7 . 1 0 7 7 . 3 1 7 7 . 5 0 
4 . 0 0 7 6 . 3 6 7 6 . 6 9 7 6 . 9 0 7 7 . 1 9 7 7 . 5 1 7 7 . 7 6 
5 . 0 0 7 6 . 4 4 7 6 . 7 7 7 7 . 0 6 7 7 . 4 0 7 7 . 7 3 7 7 . 9 4 
6*00 7 6 . 5 3 7 6 . 8 5 7 7 . 1 1 7 7 . 5 1 77« 85 7 8 . 0 7 
7 c 0 0 7 6 . 5 4 7 6 . 9 4 7 7 . 1 9 7 7 . 5 9 7 7 . 9 3 7 8 . 2 4 
8 . 0 0 7 6 . 5 7 7 7 . 0 6 7 7 . 2 9 7 7 . 6 0 7 8 . 0 3 7 8 . 3 7 
8 , 5 0 7 6 . 5 6 7 7 . 0 9 7 7 . 4 0 7 7 . 6 9 7 8 . 1 4 7 8 . 5 2 
9 , 0 0 7 6 . 6 8 7 7 . 1 8 7 7 . 4 8 7 7 . 8 0 7 8 . 3 0 7 8 . 6 1 
9 . 3 3 7 6 . 6 9 7 7 . 2 5 7 7 . 6 0 7 7 . 9 3 7 8 . 3 9 7 8 . 7 1 
9 , 5 8 7 6 . 7 0 7 7 . 3 4 7 7 . 6 1 7 7 . 9 5 7 8 . 4 5 7 8 . 7 6 
9 . 7 5 7 6 . 8 7 7 7 . 3 7 7 7 . 7 1 7 8 . 0 0 7 8 . 4 8 7 8 . 8 4 
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APPENDIX G 
ANALYSIS OF VELOCITY MEASUREMENTS 
USING A PHOTOGRAPHIC SYSTEM 
While the photographic technique used here to measure the motion 
of the test fluid has numerous advantages, there are certain corrections 
which must be applied to the data and certain factors regarding the 
use of the suspended particles, which must be studied before the results 
obtained can be properly interpreted. These factors are: 
1. The relation between .the actual fluid motion and the particle 
motion, i.e., inertia and buoyancy effects. 
2. The relation between the apparent particle motion and the 
true particle motion, i.e., light refraction effects. 
In this appendix these considerations are discussed and a computer 
program for correcting and correlating the photographic velocity data 
is presented. 
Particle Response to Buoyant Forces and Unsteady Accelerations 
Since the trajectories of the spherical particles suspended in 
the test fluid, rather than the true fluid motion itself, are what is 
actually obtained from the photographic technique, some investigation 
of the departure between the particle velocity and the true velocity 
is necessary. There are two main sources of possible error that should 
be considered. The first is that error resulting from the rising or 
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settling of the individual particles due to differences between their 
density and that of the test fluid. Since the particles are extremely 
small, the flow Reynolds number is of the order unity and thus Stokes 
equation for the drag of a sphere in creeping motion is valid. Hence 
the terminal velocity of a particle can be obtained by equating the 
buoyant force to the drag force acting on it. It follows that: 
£• D3(p - p ) = 3TTUD U (G-l) 
6 p p p p 
where: D = particle diameter, ft 
p 
3 
p = density of test fluid, lbm/ft 
3 
p = density of particles, lbm/ft 
p 
M = viscosity of test fluid, lbm/ft sec 
Thus 




(1 - V p ) (G-2) 
For water at 80°F 
93 x 10 5 ft2/sec, p = 62.4 lbm/ft3 
For the average parricle: 
D = 0.000167 ft , p = 26 lbm/ft3 
P P 
;. U = .965 x 10 ^ ft/sec 
P 
Since velocities in the boundary layer are of the order of 0.1 ft/sec 
and experimental observations indicate that velocities (U) in the range 
,01 ft/sec < U < .1 ft/sec are common it appears that the maximum errors 
present due to buoyant effects are only of the order of 1 per cent. 
The second possible type of error is that which may occur when 
the suspended particles move into regions of accelerated fluid flow. 
To evaluate the particle response to acceleration, two simple cases are 
considered. In each case the gross motion of the fluid is assumed to be 
independent of the presence of the particles and Stokes equation for the 
drag on a sphere in creeping motion is used. Justification for this 
latter assumption becomes evident when the results are studied. 
The first problem considered is that of a steady flow in the x 
direction with a superimposed oscillating flow of frequency GO in the y 
direction. It is assumed that the particle is at rest with respect to 
the flow at time zero. The basic equations of motion for the particle 
are : 
TTD3 dU 
3TTPD (U - U ) = - ^ p —-£- (G-3) 
p p 6 p dx 
TTD3 dV 
3^yD (V - V ) = —£- p —-£• (G-4) 
p p 6 p di 
where: U = U 
o 




c = u - u , c(o) = U Q (G-5) 
= V - V , (f)(0) = 0 
p 
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Since the equations are not coupled, they can be solved independently. 
Therefore: 











u p p 
COSCOT + cos mooT 
18y , 18u , 
— exp ( - £ - T) 
D p D p 
P P P P -
(G-9) 
For water at 80°F, using 2 mil particles, the coefficient 





—1\ . . . . —i 
Thus in 10 seconds, the particle x velocity is within e "" of the 
steady state condition. It is clear then that t, approaches zero and § 
approaches its asymptotic state very rapidly. Of interest also is the 
maximum value of § after the quasi-steady state is reached. Conveni-
ently this value is independent of the initial conditions. Taking the 
derivative of the asymptotic relation for <f>, and equating it to zero, 
the maximum value of cj> is found to be 
max A + (i)
2(i^)2 
" P D2 
P P 
(G-ll) 
For water at 80°F with w = 100 radians/sec 
max 
A + io4 
= 10 
-2 
Thus even with a flow oscillating at 16 cps the maximum velocity error 
is only 1 per cent. 
The second case considered is that of the motion of a particle 
within a potential vortex. In this case It is also assumed that the 
particle Is completely at rest at time zero. The basic equations of 
motion for the spherical particle are 










TTD3 de de 
^ y if df (Rp *P = 3 ^y^r - RP H^] 
F
 P p 
(G-13) 
3 2 dGp 
Multiplying the second equation by 6 R /TTD p , substituting Z = R -r—*- , 
^ J t o ^ ^ p p p to p dt 





D2P f « P P ! dx 
18ux 
2 





Integrating directly and applying the initial conditions produce the 
r e s u l t : 
_18y 
- . 2 % . r 
Z = R 
p dx 2TT 








t a n p dx 2TTR 
P 




• T - , 
(G-15) 
(G-16) 
The first term in (G-16) is recognized as the tangential velocity 
of the vortex. The second term using Equation (G-10) is unity except 
for extremely short times. Thus, the particle tangential motion is 
essentially that of the vortex. Using the relation (G-15) obtained for 
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'- = P — 
dR 
(G-18) 





























/ d R - + ~T~ 
P D p 
P P 
(G-20) 
The largest possible value the right-hand term can have is when 
dP 
R = R , r+°° , and 
p o dR 
= 0 . Thus 
P 
dR r 2 D
2p 
_P < (_I_) (J-)(-^) 
dT V2^R y R v18y ' 
o o 
(G-21) 
S i n c e 
T = 2COTTR2 , ( G - 2 2 ) 
c 
where R is the vortex radius, 
c 
2 4 o 
dR w R D p 
£-< — f - i ^ - ) CG-23) 
o 
dx _3 v18u 
K 
A typical value of oo has been found to be 1 radian/sec. A typical 
vortex radius is 0.07 feet. Thus for water at 80°F with R = .01 ft, 
o 
dR 
3-2- < .24 x 10 ft/sec 
dt 
The above values indicate that for both types of motion only a negli-
gible velocity error between the particle and the fluid motion should be 
present. 
Light Refraction Effects on 
Position and Velocity Measurements 
In using the photographic technique, consideration must also be 
given to inherent distortions and velocity errors produced by light 
refraction in passing through the water and the glass panels to the 
camera lens. The basic expression which governs these effects is 
called the general equation for refraction which can be written: 
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sma y 
— = — (G-24) 
s m a 2 u r l 
where a and a are the angles between the normal to a surface and an 
arriving and leaving ray of light, respectively; y and y are the 
refractive indices of the media through which the light passes. 
Typical values of y are shown below: 
Refraction 
Medium Index 
Pure Water 1.33 
Air 1.0003 
Plate Glass 
(Libby Owens Ford) 1.523 
An interesting feature of the problem considered here is that 
distortions in apparent position and velocity due to light refraction 
are symmetric about the optical axis of the camera, if the camera is 
focused normally to the glass sides of the tank. Since this camera 
orientation provides such a simplification to the corrections required, 
all the photographs presented were taken with the optical axis of the 
camera perpendicular to the glass sides. Figure 24 presents a typical 
situation. 
From a study of the figure, the following equation can be 
written: 
— tl + t2 
^ = (£1 + £2 } = ̂  sln(Pr " V (G"25) 
POSITION OF 
figure 24. Schematic Diagram of Light Retraction Effects 
on Radial Position of Particles. 
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Using the general law of refraction, (G-25) becomes 
pq = (t + t2)(sin 6r) 
1 - sin' 
r 
2 . 2 
u - sin 3 
r g r 
(G-26) 
Also from study of the figure, an expression for e'p is found: 
e'p = sin(3 - a ) 
cosa r w 
(G-27) 
Again the general equation for refraction gives 
e;P = D3(sin3r) 
1 - sin 
2 
2 . 2 
y . - s m rw r -1 
(G-28) 
Notine that e'e = eq/cos3 and 3 = tan R /oc a relation for 6 (R ) can 
& ^ r r p r p 
be found: 
R 
i (R ) = -* 
r p 
oc 
CD + tx + t2) 
3 
' R 2 




(tl + t 2 ) 
(^)2(y2 -l) - y2 
— Pg r g oc 
Thus an expression for the radial error in apparent position is 
gained as a function of the apparent position of a particle which is what 
is usually known. To obtain velocity information it is convenient, due 
to the symmetry of 6 (R ) about the optical axis, to make the necessary 
calculations using a polar coordinate system. The origin of this coordi-
nate system is taken at the intersection of the optical axis of the camera 
and the plane of the motion. In polar coordinates: 
' 2 2 
dR ._ dO 
c-r^) + R
 2 ( ^ ) 
dx p dT 
(G 
where V = true velocity. From Figure 24-, it is seen that: 
R = R - 6 (R ) 
P P r p 
(G 
From symmetry, 
0 = 0 ( T ) , alone 
P P 
(G 
Using the chain rule, it follows that 
dR dR d6 
—P- = — £ [1 L] 
dx dx L dR 
P 
(G 
Thus the expression for the true velocity becomes 
dR 
t1 dx 
dS 2 d0 2 
R '(l - ^ ) + (R - « ) 2 ( T # ) dR v p 
(G 
where 
r i tS D n 
r 3 J 
dR — 
P oc 
1 - rw 
R 2 
2 







(tl + V 
OC 




oc & & 
In order to obtain velocity data from the photographs, an approxi-
mation using finite differences must be made to (G-34-) . In addition, it 
is convenient to make a transformation from the polar coordinate system 
to a cartesian coordinate system with the origin located at the lower 
left-hand corner of the photograph. Thus in the new coordinate system: 
R = /(x - x ) 2 + (y - y ) 2 
P ; p o Jp Jo 
(G-36) 
G = tan-^^E-LZo) 
r x - x 
P o 
(G-37) 
where: x = x coordinate of optical axis 
o 
y - y coordinate of optical axis. 
Therefore, the final result for V is obtained: 
V , = Z * ^ 






+ {Rp-6r(R )} 
(G-38) 
\ 





where: R = initial apparent radial position, ft 
i n 
R = final apparent radial position, ft 
r B 
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0 = initial angular position, radions 
0 = final angular position, radians 
rB 
AT = exposure time, seconds 
Equations (G-29), (G-3l),and (G-38) have been used to calculate 
the particle positions and velocities in the Velocity Data Correlation 
and Analysis Computer Program which is listed later in this appendix. 
In this computer program, written for the IBM 7094, the initial and 
final apparent positions for up to 900 particles are used as input data, 
together with pertinent physical constants and identification informa-
tion. The computer calculates the value of various quantities including 
6 , R , and V for each particle and also calculates the average velocity 
r p t 
in nine subregions of each photograph. 
Besides the average velocity in each subregion, the computer also 
calculates an intensity parameter defined as: 
9 0 1 / 2 
I [i/2(u. - u ) + 1/2 (v. - v r : 
L t tn t tn 
I = — (G-39) 
I V I 
1 t' 
1 m 
where: U = — ) U 
t m , tn 
n = l 
i m 
V = - I V t m , tn 
n=l 
U = x component of n the particle true velocity 
V = y component of n the particle true velocity 
171 
= /U2 + V2 
t1 V tn tn 
This parameter, analogous to a turbulent intensity, provides a quanti-
tative means to judge the degree of turbulence present in a given 
region. 
In the next pages a complete listing of this program is presented. 
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CALL TAPE(2iIN.10) 07/10/65 
CALL TAPE(2,IN,10) 
DIMENSION S ( 1 0 0 , 1 2 . 9 ) . N P R ( 9 ) , U T K ( 9 ) , S V T K ( 9 ) , V T K ( 9 ) , X I < 9 ) . B N ( 9 ) . 
I X X X ( 3 ) . Y Y Y ( 3 ) , K K K M 1 0 0 , 9 ) , X X ( 9 ) . Y Y ( 9 ) 
KKK = 0 
C INPUT TABLE 2 
1000 FnRMAT(3E10.0.4I5,3E10.0/8E10.0/8E10.0/8E10.0) 
RFAO INPUT TAPE IN,1000.XM,YM.0TI, 
1 I MO. IOAY. IYEAR.NTEST.QSA.QBA.TVO.XLL. 






X X X M ) = XXX( 1 )*SCALF 
XXX(2)=XXX(2)*SCALE 
XXX(3)=XXX(3)*SCALE 
YYY( 1 )=YYY( 1 )*SCALE 
YYY(2)=YYY(2)*SCALE 
YYY(3)=YYY(3)*SCALE 
DO 111 1=1.3 
DO 111 J= I , 3 
I 1 = I +< J- I > *3 
XX I I 1 ) = XXX( I ) 
111 YY(II)=YYY(J) 
WRITE OUTPUT TAPE IO, I 050,XM,YM,DTI , 
1 I MO, IDAY. IYEAR.NTEST.QSA.QBA.TVO.XLL. 
2TI.XCL.YCL.0C.T1.T2.UG.UW, 
.103,1 I , [,XX( I ).YY( I ) . I=1,9),X0,Y0,SCALE 
1050 FORMAT ( IBM 1 INPUT DATA TABLF 1 - SYSTEM CONSTANTS// 
1BH XMAX = ,E14.7/ 
18H YMAX = .E14.7/7H EXT = .E14.7/8H DATE = , I 2, 1 H/. I 2, 1H/. I 2/ 
212H TEST NO. = .I5/7H QSA = .E14.7/7H QBA = .E14.7/ 
37H rvO = .L14.7/6H LL = .E14.7/8H TIME = .E14.7/7H XCL = .E14.7/ 
47H YCL = .tl4.7/6M OC = .E14.7/6H Tl = .E14.7/6H T2 = ,£14.7/ 
56H UG - .E14.7/6H UW = .E14.7/6H 03 = .E14.7/ 
69( 1 X, 1 HX, I 1 , 2H.Y, I 1 ,3H = . 2 E 1 4 . 7 / ) . 
89H XO.YO = ,E 1 4.7 ,E14.7/ 
99H SCALE = ,EI 4.7 ) 
DO 9998 1=1,9 
9998 NPR(I)=0 
WRITE OUTPUT TAPE 10,1060 
1060 FORMAT(49H1 INPUT DATA TABLE 2 - APPARENT PARTICLE POSITIONS// 
13H N,11X.4HXAAN,11X.4HYAAN.11X.4HXRAN,11X.4HY8AN//) 






10 10 FORMA T ( 4F 7.0 ) 
9997 «AAN=SORTF((X-X0)*(X-X0)+(Y-YO)*(Y-YO)) 
KKK = KKK + 1 




CALL TAPE<2,IN,IO) 07/10/6^ 
DAN = RAAN*( <D3+T1+T2)-D3/SQPTF( (RAAN/OC)*(RAAN/QC)*(UW*UW-1.0) 
[tU**UW)-(T1+T2)/SQRTF((RAAN/QC)*(RAAN/OC)•(UC*UG-[.0)+UG*UGIl/OC 
DBN = RBAN*( (D3+T1+T21-D3/SQRTF( (RBAN/OC )*(RBAN/DC )*(UW*UW-
1 1 . 0 M U W * U W ) - ( T l + T 2 ) / S Q R T F ( ( R B A N / 0 O * 
2(RBAN/UC)*(UG^UG-1. 0 ) +UG*UG ))/OC 
RRRR=ABSF(RDAN-RAAN) 
TAN=ATANF(Y-YO,X-XO) 
T B N = A T A N F ( W - Y O . Z - X O ) 
2 1 X A = X - O A N * C Q S F ( T A N ) 
Y A = Y - D A N * S I N F ( T A N ) 
x n = Z - D B N * C 0 5 F ( T B N ) 
Y H = W - O B N * S I N F ( T B N ) 
« N = ( R A A N t R f l A N ) / 2 . 0 
D D 0 R = ( ( T l + T 2 > / Q C ) * ( 1 . 0 - U G * U G / ( < 
1 ( P N / O C ) + ( R N / f J C ) * ( U G * U G - 1 • O I » U G * U G ) * * 1 . 5 ) ) + ( D 3 / 0 C ) * ( 1 . 0 - U * * U * / ( ( ( R N 
2 / n C ) * ( R N / 0 C ) * ( U V » t U W - U 0 ) H ) W * U W ) * * l . 5 ) ) 
D N = ( O A N + D B i \ l ) / 2 . 0 
P I = ) . H . S f l 2 ( > 5 
1 F'2 = A B S F ( T U N - " I AN ) 
1 0 0 1 F ( T H ? - P | ) 1 0 2 , 1 0 2 , 1 0 1 
I 0 1 I H 2 = T H 2 - P I 
GO TO 1 0 0 
1 0 2 C O N T I N U E 
V T = ( < RRRR ) / D T I ) * S Q R T F ( ( l , 0 - D D D R ) * * 2 + 
l ( ( R N - O N ) * * 2 ) * ( ( ( T H 2 ) / ( R B A N - R A A N ) 
U = A T A N F ( Y B - Y A . X B - X A ) 
u r = v r * c o s F ( u ) 
S V T 1 = V T * S I N F ( U ] 
V A N = ( ( M R . I i ) ) / D T I ) * S O R T F ( 1 , 0 + R N t R N t 
I ( ( T H 2 ) / ( P B A N - R A A N ) 1 * * 2 ) 
2N = A T A N F ( W - Y , ? ' - X ) 
U A N = V A N * C O S F ( Z N ) 
2 0 S V A N = V A N * S I N F ( I N ) 
0 0 1 1 = 1 . 3 
I F ( X A - X X X ( I ) 1 2 , 1 . 1 
1 C f . ' . T I NUE 
2 N R = I 
UO 3 1 = 1 . 5 
1 ( - " ( Y A - Y Y Y ( ! ) ) A , 3 , 3 
3 C O N r r N U I : 
U NP = N P * j ( [ - 1 I 
N P I J ( \ R ) = N P R ( N R ) t I 
K K = NPR ( NH ) 
K KK K ( KK , NR ) = K K K 
S ( K K , I , N l O = D A N 
S ( K K , ? , N i i ) = O B N 
b ( K K , 3 , N R ) - X A 
S ( K K , 4 ,Nrl ) =Y A 
S ( K K . 5 , N f v ) = X E 
S ( KW , f, . N»V ) = YU 
S ( K K , 7 , N R ) = U I 
! , ( K K , 6 , N R ) = S V T I 
M K H , ' ) , N H ) = V T 
i:, ( K K , 1 (J . N R ) = 11 A N 
r . ( K K , 1 1 , N R ) = S V A N 
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CALL TAPE ( 2, IN, I 0) 07/10/6b 
S(KK,12,NR)=VAN 
GO TO 9 999 
5 DO b 1=1,9 
KK=NPR(I) 
f> WRITE OUTPUT TAPE 10,10.30,J,// 
!S( JJ.J, I),J=i,12).KKKK(JJiI > .JJ=1 ,KK > 
1030 FORMAT(S6H[OUTPUT TABLE 1 - PARTICLE POSITION, DISPLACEMENT, VELOC 
llr)HITV INFORMATI ON//IHO, 
113HREGION NO. = , I 1/7X.JHDAN.7X,3HDBN.6X.4HXATN,6X.4HYATN, 
16X,4HXBTN,6X,4HYRTN,6X.4HVXTN,6X.4HVYTN.7)1.3HVTN, 
26X,4HVXAN,6X.4HVYAW,7X.3HVAN.4X.1HN/ 
3 U 2 F l 0 . 5 , 2 X , n ) ] 





N = NPR(KK) 
DO 7 I = 1 , H 
UTK(KK)=UTK(KK)IS(I,7,KK) 
7 SVTK(KK>=SVTK(KK)*S(I.8.KK) 





DO 8 I = 1 . N 
8 XI(KK)=XI(KK)+(S(I,7,KK)-UTK(KK))**2+ 
I (S( I .O.KK)-SVTK(KK) )**2 
10 XI(KK)=SQRTF(.5*XI(KK)I/VTKIKKI 
WRITE OUTPUT TAPE 10. 1040. (I, 1 = 1 , 9 ) . ( X I ( I ) . 1 = 1 , 9 ) , < 
I U T K ( I ) , I = 1 , 9 ) , ( S V T M I > . I = 1 , 9 ) . ( V T K ( 1 ) , 1 = 1 , 9 ) , ( B N ( I ) , I = 1 , 9 ) 
1040 FORMAT ( 55H1 OUTPUT TABLE 2 - MEAN PARTICLE VELOCITIES AND INTENSITI 
12HFS// 
2IIH REGION = ,8( I 1 , 12X ) . I 1/6H I = . 9 I E 1 3 . 6 ) / / 
2oH VX= .9E ( I 3.6 >// 
36H VY= , 9 E ( 1 3 . 6 ) / / 
«6H V = ,9E( I 3 . 6 ) / / 
56H ETA= ,9E(13.6)) 
CALL FXIT 
L N O d , 0.0, 0,0. 0,1, 0,0. 1,0, 0,0. 0,0) 
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